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The  following,  known  as  the  generalized  Hilbert-Smith  conjecture,  is  the  cleissic 
unsolved  problem  of  topological  transformation  groups:  If  G is  a compact  group  and 
acts  effectively  on  a manifold,  then  G is  a Lie  group.  In  this  dissertation  we  study 
various  forms  of  the  Hilbert-Smith  conjecture  and  a new  approach  to  its  possible 
solution. 

We  give  a detailed  proof  of  the  equivalence  of  the  generalized  Hilbert-Smith  con- 
jecture and  the  following:  A p-adic  group  cannot  act  effectively  on  a manifold. 

We  prove  that  regularly  almost  periodic  is  equivalent  to  nearly  periodic  for  home- 
omorphisms  on  compact  metric  spaces.  We  also  prove  that  each  of  the  following  is 
equivalent  to  the  Hilbert-Smith  conjecture  on  compact  3-majiifolds  M^:  (1)  If  h is 
almost  periodic  on  M^,  with  h=identity  on  dM^,  then  A=identity  on  M^.  (2)  If  h is 
regularly  almost  periodic  on  M^,  with  /i=identity  on  dM^,  then  h=identity  on  M^. 
(3)  If  h is  regularly  almost  periodic  on  M^,  then  h is  periodic  on  M^. 

In  the  appendix,  in  a joint  paper  with  B.  Brechner  we  introduce  a three  dimen- 
sional prime  end  theory  and  an  approach  to  the  Hilbert-Smith  conjecture  using  prime 
end  theory  on  S^. 
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CHAPTER  1 
INTRODUCTION 


The  following,  known  as  the  generalized  Hilbert- Smith  conjecture,  originated  from 
Hilbert’s  5-th  problem,  £ind  is  the  classic  unsolved  problem  of  topologiccil  transfor- 
mation groups. 

CONJECTURE  : If  G is  a compact  group  which  acts  effectively  on  a manifold, 
then  G is  a Lie  group. 

The  conjecture  is  equivalent  to  each  of  the  the  following: 

(I)  A p-adic  group  cannot  act  effectively  on  a manifold. 

(II)  A compact  0-dimensional  infinite  group  cannot  act  effectively  on  a manifold. 

In  Chapter  2,  we  will  study  properties  of  compact  totally  disconnected  groups  eind 
will  prove  that  each  of  the  above  two  statements  is  equivalent  to  the  Hilbert-Smith 
conjecture.  I would  like  to  thajik  Frank  Raymond  for  some  comments  which  helped 
in  completing  this  chapter. 

The  following,  known  as  Newman’s  theorem,  was  proved  by  M.  H.  A.  Newman 
[N]  and  has  also  been  proved  by  A.  Dress  [Dr]  and  P.  A.  Smith  [S2j. 

Let  M be  a connected  manifold  with  metric  d.  Then  there  exists  an  e > 0 such 
that,  for  every  action  of  a finite  group  G on  M,  there  exists  an  orbit  of  diameter 
larger  than  e. 

In  Chapter  3,  we  will  review  Newman’s  theorem  and  its  proof  as  originated  from 
P.  A.  Smith  [S2]  and  revised  by  G.  Bredon  [Bre2j. 

Gottschalk  [Gl]  defined  a regularly  almost  periodic  homeomorphism  of  a metric 
space  onto  itself  and  proved  that  a regularly  almost  periodic  homeomorphism  on  a 


1 


2 


2-manifold  is  periodic.  P.  A.  Smith  [S3]  defined  a nearly  periodic  homeomorphism  of 
a metric  space  onto  itself  and  conjectured  that  a nearly  periodic  homeomorphism  on 
a manifold  is  periodic.  We  will  prove  that  regularly  eilmost  periodic  is  equivcdent  to 
nearly  periodic  for  homeomorphisms  on  compact  metric  spaces  [Theorem  4.2.1]  and 
give  am  example  to  show  that  compactness  is  necessary. 

Later  we  prove  that  each  of  the  following  statements  is  equivailent  to  the  Hilbert- 
Smith  conjecture  on  a compact  3-manifold  M^. 

1.  If  h is  almost  periodic  on  , with  h=identity  on  dM^,  then  h=identity  on 

2.  Ifh  is  regularly  almost  periodic  on  , with  h=identity  on  dM^,  then  h=identity 
on  M^. 

S.  If  h is  regularly  almost  periodic  on  M^,  then  h is  periodic  on  M^. 

4.  If  h is  nearly  periodic  on  M^,  then  h is  periodic  on  M^. 

5.  (Newman's  property  for  regularly  almost  periodic  homeomorphisms).  Let  h be  a 
regularly  almost  periodic  homeomorphism  of  onto  itself.  Then  there  exists 
€ > 0 such  that  if  i £ Z+  with  d(x,h'^{x))  < e for  all  x 6 M^,  then  h*  acts 
trivially  on  M^. 

Hence,  if  we  cam  prove  one  of  these  conditions  the  Hilbert-Smith  conjecture  will 
follow. 

One  motivation  for  Chapter  4 is  the  following  question,  raised  by  B.  Brechner  in 
[Br2]:  If  h is  almost  periodic  on  with  /i=identity  on  dB^,  then  must  h be  the  iden- 
tity on  B^l  A.  Fathi  gave  me  a valuable  comment  in  conversation  for  generalization 
of  Proposition  4.3.1. 
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In  the  appendix,  in  a joint  paper  with  B.  Brechner  we  introduce  a three  dimen- 
sional prime  end  theory  and  use  it  to  obtain  some  results  about  p-adic  group  action 
on  and  S^. 

Prime  end  theory  is  essentially  a compactification  theory  for  simply  connected, 
bounded  domains,  U,  in  E^,  or  simply  connected  domains  in  5*  with  nondegener- 
ate complement.  The  plaueir  case  was  originally  due  to  Caxatheodory  [C],  and  weis 
later  generalized  to  the  sphere  by  Ursell  and  Young  [U-Y],  aind  to  arbitrary  two 
manifolds  by  Mather  [Mat].  For  each  such  domain,  U,  there  is  given  an  associated 
structure  of  crosscuts,  chains  of  crosscuts,  prime  ends,  and  impressions  of  prime  ends. 
Caratheodory  [C]  and  Ursell  and  Young  [U-Y]  proved  the  following: 

Theorem  1.0.1  [C]  The  prime  ends  of  U are  in  1-1  correspondence  with  the  boundary 
points  of  the  unit  disk.  That  is,  the  compactification  is  by  a manifold. 

Theorem  1.0.2  [U-Y]  There  is  a C -transformation  : U Int[D)  such  that  <f>  is 
uniformly  continuous  on  the  collection  of  crosscuts  of  U,  although  not  necessarily  on 
U. 

Theorem  1.0. S [U-Y]  (The  Induced  Homeomorphism  Theorem^  Let  U be  a 
simply  connected  domain  in  the  plane,  and  let  h : Cl{U)  — » Cl{U)  be  a homeomor- 
phism. Let  (f> : U Int(D)  be  a C -transformation.  Then  <f>h<f>~^  : Int{D)  —*  Int[D) 
can  be  extended  to  a homeomorphism  of  D onto  itself. 

There  axe  many  applications  of  the  two  dimensional  theory,  including  applications 
to  fixed  point  problems,  embedding  problems,  periodic  points  of  homeomorphisms, 
and  homeomorphism  (group)  action  and  extension  problems.  See,  for  example,  [C-L, 
Mas,  Ep2,  Br2,3,4,  Br-Mau,  Br-May,  Mayl,2,  Lew,  and  Mat],  among  others. 

Several  constructions  of  a three  dimensional  theory  appecir  in  the  literature,  in- 
cluding work  by  Kaufmann  [Kau],  Mazurkiewicz  [Maz],  and  Epstein  [Epl].  These 
papers  have  not  yet  had  any  applications  of  which  we  are  awaxe. 
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In  this  paper,  we  develop  a simple  three  dimensional  prime  end  theory  for  cer- 
tain open  subsets  of  Euclidean  three  space.  It  includes  conditions  not  addressed  by 
any  of  the  above  three  authors.  Our  additional  conditions  focus  on  an  “Induced 
Homeomorphism  Theorem,”  which  we  believe  provides  the  necessary  ingredient  for 
applications.  In  particulcir,  we  obtain  some  theorems  with  potential  applications  to 
the  Hilbert-Smith  Conjecture. 

We  wish  to  acknowledge  receipt  of  McAuley’s  preprint  [Me],  which  asserts  that 
the  Hilbert-Smith  conjecture  is  true. 


CHAPTER  2 

THE  HILBERT-SMITH  CONJECTURE 


2.1  Construction  of  the  P-adic  Transformation  Group 

In  this  section  we  will  construct  the  p-adic  transformation  group  using  different 
methods  and  study  its  properties.  Basically  this  section  comes  from  [M-Z], 

Let  M be  a Hausdorff  space  and  G a topological  group,  each  element  of  which  is 
a homeomorphism  of  M onto  itself.  Let 

^:GxM — >M 

be  the  map  defined  by 

= 9{^)  = x'  E M,  ioT  g E G and  x E M. 

We  say  the  pair  (G,M)  or  sometimes,  G itself,  is  a topological  transformation 
group  iff,  for  every  pair  of  elements  gi,g2  G G and  every  x € Af, 

(1)  ^((^1^2),®))  = gi{92{x))  and 

(2)  $ : G X M — > M is  continuous. 

From  (1)  and  the  fact  that  each  ^ 6 G is  one  to  one  on  M,  it  follows  that 

(3)  e(x)  = x;  e is  the  identity  in  G. 

If  e is  the  only  element  in  G which  leaves  all  of  M fixed,  then  the  action  of  G is  called 
effective. 

A topological  group  is  called  locally  compact  iff  the  group  space  is  locally  compact. 
Since  group  translations  are  homeomorphisms,  a local  property  holds  at  every  point 
if  it  holds  at  some  one  point,  say  the  identity.  Therefore  a topological  group  is  locally 
compact  iff  the  identity  has  a compact  neighborhood. 

Now  let  p be  a prime  number  and  let  Dp  be  the  set  of  all  formal  series  in  powers 
of  p : 
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g = ao  + aip  + ...  -f  a„p"  + ...,  each  a„  = 0,  ...,p-  1. 

If  we  add  elements  with  infinite  carry-over,  then  Dp  forms  an  Abelian  group  and 
the  topology  is  determined  by  the  following  choice  of  neighborhoods  of  the  identity: 
Um  = {g  ^ Dp\ai  = 0 if  i < m},m  = 1,2, .... 

We  call  Dp  the  p-adic  group,  and  if  Dp  acts  on  a Hausdorff  space  M onto  itself, 
as  a group  of  homeomorphisms,  we  say  that  Dp  is  the  p-adic  transformation  group 
acting  on  M. 

A Cantor  set  can  be  defined  as  follows:  Let 

A,-  = {0, 1,  ...p  — 1}  with  discrete  topology. 

If  we  put  the  product  topology  on  Ili^i  then  Ili^i  is  homeomorphic  to  the 
Cantor  set  which  is  constructed  by  a geometric  method  [Du,  pg.l04  ] and  it  is  totally 
disconnected  and  compact. 

We  define  a map 

<t>  • n.“i  A — > Dp,  by  <f){ao, ...,  a„, ...)  = (oo  + ...  + Onp"  + ...). 

Then  the  map  <f>  is  continuous  and  one  to  one  since 

= {<  0, 0, ...,  0,  On,  a„+i, ...  >}  for  17„  C Dp 
and  the  homeomorphism  follows  from  the  fact  that  Dp  is  a Hausdorff  space  and 
n^i  A,  is  compact. 

Another  important  construction  of  the  p-adic  group,  which  we  will  use  later,  is 
the  following: 

Let  Dp  be  the  p-adic  group  which  we  already  constructed.  Then 
Um  = {g  & Dp\ai  = 0 if  i < m},  m = 1, 2, ... 
form  open  subgroups  and  hence  closed  subgroups,  since  the  cosets  of  Um  are  open  in 
Dp.  We  consider  the  sequence  of  quotient  groups 


DplUo^DplUu-DplUr,,.... 
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For  j > i,  let 

hij  ■■  DJUi  — . DJUi 

be  the  homomorphisms  defined  by  gllj  — y gU{.  Then  we  have 
Dp  ~ with  bonding  map  hij. 

We  notice  that  DpjUi  is  a cyclic  group  of  order  p*.  Therefore  we  can  also  define 
the  p-adic  group  as  the  inverse  limit  of  cyclic  groups  of  order  p*  for  i = 1,2, .... 

2.2  Totally  Disconnected  Transformation  Groups 

Let  G be  a locally  compact  group  (e.g.  p-adic  group)  aind  H an  open  subgroup 
of  G.  Then,  since  the  cosets  of  H are  open  in  G,  H is  closed  and  Gj H is  discrete. 

Now  let  U be  an  open  and  compact  neighborhood  of  e.  Then  U contains  a compact 
open  subgroup.  In  particuleir,  if  G is  a totally  disconnected  locally  compact  group 
and  U is  & compact  neighborhood  of  e,  then  U contains  a compact  open  subgroup. 
[M-Z,  pg.  54] 

Let  K he  a.  compact  subset  of  a locally  compact  group  G,  and  let  be  an  open 
neighborhood  of  e.  Then  there  exists  a neighborhood  V of  e such  that  x~^Vx  C U 
{oT  X £ K and  therefore  V C xUx~^  for  x E K.  [M-Z,  pg.  55] 

We  notice  that  we  can  also  have  xV x~^  C U for  x E K from  the  proof  of  the 
above  statement.  Since  V does  not  depend  on  x G if, 

C\x^K^~^Ux 

is  a neighborhood  of  e. 

The  following  theorem  plays  an  important  role  in  the  study  of  the  Hilbert-Smith 
conjecture.  It  is  from  the  following  theorem  that  a totally  disconnected  compact 
group  can  be  approximated  by  finite  groups;  i.e.,  it  is  the  inverse  limit  of  finite 


groups. 
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Theorem  2.2.1  [M-Z,pg.  56j.  If  G is  a totally  disconnected  compact  group  and  a 
neighborhood  U of  e is  given,  then  there  is  a compact  normal  open  subgroup  H C U 
such  that  G/H  is  a finite  group. 

Proof.  Prom  the  above,  U must  contain  a compact  open  subgroup,  cadi  it  H'.  Set 
H = r\x~^H'x,  for  all  X € G.  Let  F be  a neighborhood  of  e such  that  V C H.  For 
every  a £ H,  a = ae  £ aV  C aH  = H.  Therefore  the  group  H is  open  and  compact 
by  the  above  aind  is  normal,  since 

y~^{r\x~^ H'x)y  C n{xy)~^ H*{xy). 

Since  GjH  \s  compact  and  discrete,  GjH  must  be  finite.  □ 

We  now  turn  to  the  discussion  of  inverse  limits.  Assume  Ai  (t  € /)  is  a system 
of  groups,  indexed  by  a directed  set  /,  and  for  each  pair  i,j  £ I with  t < j there  is 
given  a homomorphism 

7rf  : Aj  Ai{i  < j) 

such  that 

(i)  -k\  is  the  identity  map  of  Ai,  for  each  i £ I, 

(ii)  for  all  i < y < fc  in  /,  we  have  = x*. 

Then  the  system  A = {Ai{i  £ /);  is  called  an  inverse  system.  The  inverse  limit 
of  this  system, 

A*  = lim^  Ai, 

is  defined  to  consist  of  all  vectors  a = (...,  a„  ...)  in  the  direct  product  A = Y\Ai  for 
which  Trf(aj)  = ai{i<  j)  holds. 

Prom  the  following  theorem,  we  can  characterize  the  inverse  limit  group. 

Theorem  2.2.2  fPu,  pg.  61].  The  inverse  limit  A*  of  the  inverse  system  A = £ 

•^)i  property:  if  G is  a group  and  if  there  are  homomorphisms  (Ti  : G —*  Ai 

with  commutative  diagrams, 


then  there  exists  a unique  homomorphism  a \ G A* : 


G 


a 


A* 


del) 


for  which  all  the  diagrams  are  commutative,  where  is  the  canonical  homomorphism. 
This  property  characterizes  A*  and  tt^  up  to  isomorphism.  □ 

Theorem  2.2.3  [Pa,  pg.  68].  Let 

A = YlSi 

t€/ 

be  the  direct  product  of  groups  B{.  Define  J to  consist  of  all  finite  subsets  a of  the 
index  set  I where  a < means  “a  is  a subset  of  p.”  For  a E J,  let  Aa  = ©iga  -®i 
and  for  a < P let  tt^  denote  the  projection  map  A^  Aa.  Then 

A*  = limAa  = A. 

Proof.  Let  Tr^  denote  the  canonical  maps  in  the  theorem  eind  Ca  the  projections 
A — » Aa.  By  the  Theorem  2.2.2,  there  is  a unique  a : A — » A*  such  that  TaCr  = aa- 
If  era  = 0 for  some  a E A,  then  a^a  = TTccra  = 0 for  all  a G J,  eind  so  a = 0 and 
therefore  a is  one  to  one. 

To  show  that  a is  onto,  let  a*  = (...,  Cc, ...,  a^g, ...)  G A*.  Then  we  write  aa  = 
iii  + + ii*  (bi  E Bi),  where  a = {ii,  ...,Zfc}.  Because  of  the  choice  of  7rf,  i\  E P 

and  this  implies  the  ii-th  coordinate  of  ap  must  be  j hence  a*  defines  a unique 
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(...,  bi, ...)  € A.  From  the  definition  of  a we  have  a(...,  bi, ...)  = a*,  so  tr  is  onto,  and 
hence  ein  isomorphism.  □ 

Corollary  2.2.1  Let  P be  the  set  of  all  prime  numbers  and  let 

A=  n^p- 

P6P 

Let  Gi  be  the  finite  group  such  that  Gi  = Z2  0.^3  0...©  where  pi  is  the  i-th 
prime  number  and  let  n{  = {2, 3,  Then 

limGi  ^ A. 

Proof.  Let  J be  the  set  of  all  finite  subsets  a of  index  set  P.  Then,  from  the 
Theorem  2.2.3,  we  have 

A = limAa 

where  Aa  is  the  direct  sum  of  cyclic  groups  with  prime  order  which  appears  in  a.  We 
notice  that  the  set  {n^  : i E iV},where  n;  = {2, 3,  ...,p,}  , is  a cofined  system  of  J, 
eind  therefore  lim,_  Gi  = A.  U 

Theorem  2.2.4  H be  a compact  totally  disconnected  infinite  group  acting  effec- 
tively on  a manifold.  Then  H must  contain  a p-adic  group,  for  some  prime  p. 

Before  proving  the  theorem,  we  look  at  the  following  example. 

Example.  Let  {(?,}  be  direct  sums  of  finite  cyclic  groups  defined  by 

C'i  = 2^2  0 ^3  0 •••  0 Zpi. 

Then  the  inverse  limit  group  G is  isomorphic  to  HpeP^p  Corollary  2.2.1.  We 

show  that  the  group  G can  not  act  effectively  on  a manifold.  In  fact,  clearly  the 
group  G does  not  contain  any  p-adic  group.  Now  we  consider  the  sm6dl  subgroups. 
Then  the  small  subgroups  have  the  form  Hp>p,,^p-  Since  direct  sums  are  subgroups. 
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the  small  subgroups  contain  elements  of  finite  order.  This  contradicts  Newman’s 
theorem  [N].  Consequently  the  group  G can  not  act  effectively  on  a manifold. 

Proof  of  Theorem  2.2.4.  Let  H he  & compact  totally  disconnected  infinite  group 
acting  effectively  on  a manifold.  Note  that  H must  contain  cin  element  g E H 
with  infinite  order  [Ya2].  We  consider  a sequence  of  compact  invariant  subgroups, 
Hi  D H2  D Hz  D ...  with  limlfi  = e and  lim»_  HjHi  = H.  Let  gi  denote  the  coset 
gHi  in  HJ Hi,  and  let  Ai  be  the  finite  subgroup  of  HjHi  which  is  homomorphic  image 
of  the  cyclic  group  S,  generated  by  g.  Then  Ai  is  cyclic,  since  Ai  is  homomorphic 
image  of  S.  Consider  {>li}  and  the  onto  homomorphism  Trf  |x^-,  where  7rf  is  the  natureil 
projection  from  H/Hj  — » HjHi.  Now  we  take  the  inverse  limit  of  with  bonding 
maps  TTilAj,  denoted  by  A*.  Then,  A*  = S [S3]  and  by  the  following  theorem. 
Theorem  2.2.5,  A*  = flpm  where  pm  is  a prime  number  which  appears  in  the 
product  of  prime  powers  of  the  order  of  Ai  for  some  i.  We  note  that  e^  = 00  means 
that  2pjm  is  a p^-adic  subgroup. 

Now  we  suppose  that  the  group  H does  not  contain  any  p-adic  subgroup.  Then 
Cm  is  finite  for  each  m. 

We  apply  the  above  argument  to  a compact  invariant  subgroup  Hi  for  all  i.  There- 
fore, for  every  Hi,  Hi  contains  a subgroup  which  is  isomorphic  to  Hpi  where  e* 
is  finite  for  each  k,  since  the  group  H does  not  contain  any  p-adic  subgroup. 

Consequently,  given  any  e > 0 there  exists  an  element  such  that  the  orbit  of 
hf  hcis  diameter  less  than  e,  and  the  order  of  is  finite.  This  contradicts  Newman’s 
theorem  [N]  eind  completes  the  proof.  □ 

Theorem  2.2.5  Let  {>1^}  he  a sequence  of  finite  cyclic  groups  such  that  for  j > i,  the 
order  of  Aj  is  a multiple  of  the  order  of  Ai.  Let  ir{  : Aj  Ai  be  an  onto  homomor- 
phism. Then  linu_  Ai  = flp^  ^p^  where  pm  is  a prime  number  which  appears  in  the 
product  of  prime  powers  of  the  order  of  Ai  for  some  i andpjs  are  all  different  prime 


numbers. 
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Proof.  Let  be  the  order  of  Ai  with  Ui  = Then 

Ai  = ^p*i<  0 — 0 

and  for  j > i,  the  order  of  Aj,  rij  = pl'^^ pl^^ ••■p’k'^  —P^’  with  p^‘  | for  m = 

1,2,..., A:. 

Now  we  consider  the  inverse  limit  of  each  column  corresponding  to  a prime  pm 
where  pm  is  a prime  number  which  appears  in  the  product  of  prime  powers  of  the 
order  of  Ai  for  some  i.  [Notation:  We  call  a sequence  of  subgroups  of  Ai's,  where  the 
sequence  is  isomorphic  to  the  column  corresponding  to  a 

prime  pm-  See  the  example  in  Figure  2.2.1] 

t t 

t t t 

4 = ^16'^  ^9'*'  ^7'^ 

t t t t t 

At  = ^9  ^49'*'  ^19 

FIGURE  2.  2.  1 

Then  the  inverse  limit  of  each  column  corresponding  to  a prime  Pm  is  isomorphic 
to  Zp^tm  where  e^  = 00  means  that  Zp^*m  is  a p^-adic  subgroup  with  bonding  map 
from  the  cyclic  subgroup  of  Aj  with  order  p^^  to  the  cyclic  subgroup  of  Ai  with 
order  p^‘  induced  by  7rf, which  is  a bonding  map  from  Aj  to  Ai  . 

Now  we  show  that 

A*  = limA  = 

Pm 

We  define  a map  ai  : flp^  Zp^  Ai  by 

<Ti(ai,a2, ...)  = (7rii(ai),7r2,(a2),  ...,7Tfc,(ajt))  where  is  the  canonical  projection 
from  the  inverse  limit  of  the  column  corresponding  to  a prime  p„,  Zp^,  induced  by 
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bonding  maps  7r^j  to  that  subgroup  of  A{,  which  is  isomorphic  to  i.e.,  Cj  is 

the  composition  of  the  quotient  map  from  © •••  0 ■^p** 

(TTiijTTgj,  ...jTTiy)  : Z^-i  ©...©^p‘*  —>■  Ai. 

We  now  show  that  the  diagram  of  Theorem  2.2.2  commutes. 

Ylz  . 

(i  <j  ) . 


Let  (ai,a2,...)  G Flp^^p^r-  Then  ai((ai, og, ...))  = (7rii(ai),7r2i(a2),...,7Tiy(ajk)) 
and 

CTj((ai,a2,...)  = (Tij(ai),ir2j(a2),  ...,7rfcj(afc),...,7r,j(a/)).  Then  by  the  map  xf  : Aj 
= T^mi{0’m)  for  771  = 1,2,...,  A:.  So  the  diagram  commutes. 

Therefore  there  exists  a unique  homomorphism  a : flp^  Zp^  A*  such  that  the 
following  diagram  commutes,  by  Theorem  2.2.2  where  ag  = (<7i(p),  a2(flf), ...). 

nz.  — ^ A* 

p « 


We  show  that  a is  one  to  one.  Let  a = (01,02,...)  G Kera.  Then,  by  the 
commutativity  of  the  diagram,  we  have  cr^o  = 77^00  = 0 for  all  i.  Note  that  a^o  = 
(7Ti,(oi),  772,(02),  ...,77t,(ofc))  = 0.  Therefore  for  all  i and  for  all  m,  7TTOi(am)  = 0,  hence 
0 = 0. 

Now  we  show  that  a is  onto.  Let  (61,  &2)  •••)  G A*  where  bi  e Ai,  = fcii  © 62^  © ... 
©^mi.  We  define  bm»  = (bmi,  l>m2,  f>m3,  ■■■)  where  b^j  is  the  element  of  the  column 
corresponding  to  pm  in  Aj.  Then  bm»  is  the  element  of  the  inverse  limit  induced  by 
Pm  column  of  {>1^},  which  is  isomorphic  to  Zp^,m.  Then  (61,,  62., ...)  G rip„.  Zp*^.  We 
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claim  that  a{bu,  ^>2»,  •••)  = (^ii  ^2,  •••)•  Note  that  (Ti{bi„  62*,  •••)  = ■7T2i(62*), 

7r«(6fc.))  = {f>u,b2i,-,bk^  = bi.  Recall  that  ag  = {cri{g),cr2{g), ...).  Therefore 
o-(ii.,&2.,-)  = (0-1(61*,  i2.,-).o-2(ii.,  62*,  ...).•••)  = (61,62,...);  hence,  a is  onto  and 
this  completes  the  proof.  □ 

2.3  The  Hilbert-Smith  Conjecture 

The  following  statement,  known  as  the  generalized  Hilbert-Smith  conjecture,  re- 
meiins  unresolved. 

CONJECTURE  : If  G is  a compact  group  and  acts  effectively  on  a manifold,  then 
G is  a Lie  group. 

The  conjecture  is  equivalent  to  each  of  the  following  statements: 

(I)  A p-adic  group  cannot  act  effectively  on  a manifold. 

(II)  ^ compact  0-dimensional  infinite  group  cannot  act  effectively  on  a manifold. 
In  this  section  we  will  prove  that  the  above  three  statements  are  equivcilent.  Essen- 
tially the  equivalence  comes  from  the  following: 

Theorem  2.S.1  If  G is  a compact  non-Lie  group  acting  effectively  on  a manifold,  then 
G contains  a p-adic  group  for  some  prime  p. 

Note:  This  theorem  was  stated  by  Raymond  [Rl]  without  proof. 

For  the  proof  of  the  theorem  we  will  use  the  following  well  known  facts. 

Proposition  2.3.1  [Gl,  Yl.  See  also  M-Z,  pg.  107].  If  G is  a locally  compact  group 
without  small  subgroups,  then  G is  a Lie  group. O 

The  following  proposition,  known  as  the  Structural  Theorem  for  Locally  Compact 
Groups,  was  proved  by  Yamabe  [Y2]. 

Proyosition  2.S.2  [Y2.  See  also  M-Z,  pg.  175].  If  G is  a compact  non-Lie  group, 
then  there  exists  a sequence  of  compact  invariant  subgroups  Hi  Z)  H2  D ...  such  that 
lim.H,-  = e,  giving  Lie  factor  groups  and  G is  the  inverse  limit  o/{G//f,}.  □ 
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Proposition  2.S.S  [M-Z,  pg.  2S7].  Every  n-dimensional  locally  compact  group  G, 
in  some  neighborhood  U of  the  identity,  is  the  direct  product  of  a compact  totally 
disconnected  group  H and  a local  n-parameter  Lie  group  R; 

U = H X R. 

We  may  suppose  that  R is  ruled  by  one-parameter  local  subgroups.  If  K is  a compact 
invariant  subgroup  of  G such  that  GfK  is  a Lie  group,  then  dim  GfK  < n.  □ 

Proposition  2.S.I  [Ya2]  If  G is  a compact  group  acting  effectively  on  a manifold  and 
if  every  element  of  G is  of  finite  order,  then  G is  a finite  group. 

Proof.  Since  every  element  of  G is  of  finite  order,  the  powers  of  each  element  of 
G can  not  be  uniformly  small  by  Newman’s  theorem;  i.  e.  G Ccin  not  have  arbitrarily 
smeill  subgroups.  Therefore  G is  a compact  Lie  group,  by  Proposition  2.3.1. 

Now  to  show  that  G is  finite,  it  suffices  to  show  that  G hais  no  nontrivi2il  one-pareimeter 
subgroups,  by  Lemma  2.3.1  below.  But  this  is  clear  since  if  G has  a nontrivial  one- 
parcimeter  subgroup  then  G has  an  element  with  infinite  order.  □ 

Lemma  2.3.1  [Gl].  Let  G be  a locally  compact  group  which  is  not  discrete  and  does  not 
have  arbitrarily  small  subgroups.  Then  G has  a nontrivial  one-parameter  subgroup, 
a 

Corollary  2.S.1  Let  M be  a compact  manifold  such  that  every  nearly  periodic  trans- 
formation which  acts  on  M is  periodic.  Then  any  compact  totally  disconnected  group 
G acting  on  M is  finite.  That  is,  a compact  totally  disconnected  infinite  group  can 
not  act  effectively  on  M.  O 

Proof.  Let  g £ G then  g is  nearly  periodic  [S3].  □ 

Remark;  The  statement  in  Proof  was  mentioned  by  P.  A.  Smith  [S3]  without 
proof.  This  is  proved  in  Proposition  4.2.1  in  Chapter  4. 
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Proof  of  the  Theorem  2.3.1.  Let  G be  a compact  non-Lie  group.  Then  G contains 
a compact  totally  disconnected  infinite  subgroup  H,  by  Proposition  2.3.3.  Since  G 
acts  effectively,  H also  acts  effectively.  Therefore  H must  contain  a p-adic  group  for 
some  prime  p,  by  Theorem  2.2.4.  □ 

Now  we  can  show  that  the  generalized  Hilbert-Smith  conjecture  is  equivcilent  to 
the  statements  (I)  and  (II). 

The  generalized  Hilbert-Smith  conjecture  implies  (I):  Let  Ap  be  a p-adic  group 
acting  on  manifold  M.  Then,  since  Ap  is  a non-Lie  group,  Ap  can  not  act  effectively 
on  M.  Conversely,  suppose  there  exists  a compact  group  G acting  effectively  on 
M which  is  a non-Lie  group.  Then  G contains  p-adic  group  for  some  prime  p,  by 
Theorem  2.3.1.  (I)  implies  (II):  Suppose  that  there  exists  a compact  0- dimensioned 
infinite  group  G acting  effectively  on  M.  Then,  also  by  Theorem  2.3.1,  G contains  a 
p-adic  group  for  some  prime  p.  The  converse  is  clear. 

We  now  prove  an  additional  theorem  about  the  structure  of  compact  non-Lie 
groups. 

Theorem  2.3.2  If  G is  a compact  non-Lie  group  acting  effectively  on  a manifold  M , 
then  G contains  a compact  totally  disconnected  Abelian  non-Lie  group. 

Proof.  Suppose  that  G is  a compact  non-Lie  group  acting  effectively  on  a meinifold 
M.  Then  G is  not  finite;  therefore  G contains  an  element  g of  infinite  order  by 
Proposition  2.3.4.  Now  we  consider  the  closed  subgroup  H of  the  cyclic  subgroup 
generated  by  g.  Then  /f  is  an  Abelian  subgroup  and  compact  since  G is  compact. 

Now  we  show  that  G contains  a compact  totally  disconnected  Abelian  non-Lie 
group.  Notice  that  there  exists  a sequence  of  compact  invariant  subgroups  of  H, 
Z\  D Z2  D ...,  such  that  limZ^  = e,  by  Proposition  2.3.2.  We  now  apply  the  above 
argument  to  each  Z{.  Then  we  have  a sequence  of  compact  Abeliain  subgroups  {Hi}. 
We  claim  that  there  exists  a non-Lie  group  Hi  in  {Hi}.  Since  if  every  Hi  is  a Lie  group. 
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then  that  contradicts  Newman’s  Theorem  for  compact  Lie  groups.  Consequently,  if 
C?  is  a compact  non- Lie  group  acting  effectively  on  a mauifold,  then  G must  contain  a 
compact  Abelicin  non-Lie  group  Z.  Now,  if  we  apply  Proposition  2.3.3  to  a compact 
Abelian  non-Lie  group  Z,  then  Z contains  a compact  totally  disconnected  Abelicin 
non-Lie  group.  This  completes  the  proof.  □ 


CHAPTER  3 
NEWMAN’S  THEOREM 


3.1  Special  Homology  Groups 

Let  G be  a finite  group  and  K a simplicial  complex.  We  say  that  G acts  on  K 
simplicially  iff  each  transformation  g E G is  a.  simplicial  map.  The  simplicial  com- 
plex K,  together  with  such  an  action  G,  is  called  a simplicial  G-complex. 

A simplicieil  action  of  G on  is  called  regular  iff  the  action  of  each  subgroup  H of 
G satisfies  the  following  [Bre2]: 

U 90y9i>—i9n  are  elements  of  H and  (vo,vi,  ...,Vn)  and  (goVo,giVi,...,gnVn)  are 
both  simplices  of  K then  there  exists  an  element  g E H such  that  g(vi)  = gi(vi)  for 
all  i. 

In  general,  a simplicial  action  of  G on  A is  not  a regular  action.  For  example,  the 
cyclic  permutation  of  three  vertices  of  a 2-simplex  is  not  a regular  action.  But,  on  the 
second  barycentric  subdivision  of  a complex  A,  any  simplicial  action  becomes  regulcu:. 
Therefore  an  assumption  of  regularity  is  no  loss  of  generality  from  the  topological 
viewpoint  [Bre2]. 

Let  A®  be  the  subcomplex  of  a regular  G-complex  A consisting  of  edl  simplices 
which  axe  pointwise  fixed  under  G.  Notice  that,  for  any  g E G and  simplex  s of  K, 
s n g{s)  is  pointwise  fixed. 

In  fact,  if  V,  gv  belong  to  same  simplex,  then  {v,v)  and  (v,gv)  axe  simplices  of  A. 
There  exists  g'  such  that  v = g'v  and  gv  = g'v  by  definition  of  regular  G-complex. 
Therefore  gv  = g'v  = v.  Now  let  s be  a simplex,  g E G and  v E s C\  gs.  Then 
gv  E gsf)  g^s,  so  (v,gv)  E gs.  Consequently  gv  = v,  eind  hence  s n g(s)  is  pointwise 
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fixed. 

So,  if  I e \K\^  with  X = Er=o<^i^*>  9 ^ G, 

g{Vo,Vi,  ...,Vn)  n {vo,Vi,  ...,Vn)  / 0 

and  is  pointwise  fixed  by  the  regularity  of  G.  Therefore  (vo,Vi, ...,  v„)  C K^,  and 
hence  x £ \K*^\-  So  we  have 

\K<=\  = \Kf. 

Now  we  shall  restrict  our  attention  to  a multiplicative  group  G of  prime  order  p 
and  shall  study  homology  (cohomology)  with  coefficients  in  Zp. 

Let  K he  & reguleir  G-complex  and  let  5 be  a generator  of  G and  put 

a = 1+  g + ...  + 

T = 1 - g 

in  the  group  ring  ZpG.  Since  = 1,  we  have  <jt  = 0 = tct.  Since  we  are  working 
over  Zp,  we  have  that  a = If  p = t‘,  we  put  p = t^~*.  Thus  t = a and  a = t. 

Let  L C K he  an  invariant  subcomplex.  We  consider  the  chain  subcomplex 

pC(K,L-,Z,} 

of  C{K,  L]  Zp)  for  p = t‘,  1 < i < p — 1.  ( This  is  possible  since  gd  = dg  where  g £ G 
and  d is  the  chain  map.) 

The  basic  result  is  the  following  theorem. 

Theorem  S.1.1  [Bre2,  p.  122].  For  each  p = 1 < J < p — 1, 

0 pG{K,  L-,  Zp)  © G{K°,  L^-  Zp)  A C{K,  L-  Zp)  4 pG{K,  L;  Zp)  ^ 0 

is  an  exact  sequence  of  chain  complexes,  where  i is  the  sum  of  the  inclusions  and 
p : c t-*  pc.  □ 
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For  p = t',1  < i < p — 1,  we  define 


H»{K,L;Z^)  = H{pC{K,L-,Zj,)). 


This  graded  group  is  called  the  Smith  special  homology  group. 

From  standajd  facts  (e.g.  Zig  Zag  Lemma),  the  short  exact  sequence  of  the 
theorem  gives  a long  exact  sequence  in  homology; 


HL,(K,  L-,  Z„)  Hl(K,  L:  Z.)  e HJK°, 


rC.  /7  \ TT  fT.r 


Now  we  dualize  the  above  results  to  cohomology.  Thus  one  defines  the  Smith 
special  cohomology  group 


H,*{K,L;Z^)  H*{gC{K,L-,Z^)), 


that  is,  the  homology  of  the  cochain  complex  Hom{QC{K,  L\  Zp),  Zp).  The  long  exact 
sequence  of  homology,  which  we  constructed  the  above,  dualizes  to  ein  exact  sequence 
of  cohomology  groups; 


I;  Zp)  C m(K,L-,Z,)®H’‘{K°,L°-,Z,)i^ir(K,L-,Z,)C  .... 


3.2  (^-coverings  and  Cech  theory. 

Let  G be  a finite  group  and  X a space.  If  W is  an  open  covering  of  X and  if  ^ G G, 
then  g{l()  = {g{U)  : U G W}  is  also  an  open  covering.  If  g{U)  = U,  for  2ill  ^ G G,  we 
say  that  is  an  invariant  covering. 

If  U,  V are  coverings,  then 


unv  = {unv  :U  eu,v  £V} 


is  a covering  which  refines  U and  V.  Clearly 

geG 


21 


is  an  invariant  open  covering  which  refines  U.  Hence,  if  X is  a compact  space  then 
the  finite  dimensional  invariant  open  coverings  are  cofinal  in  the  set  of  all  coverings. 
We  shall  call  an  invariant  covering  li  a G-covering  if  it  satisfies  the  following: 

For  U GU  and  g G G,  U H gU  ^ ^ implies  that  U = gU . 

We  shall  also  call  an  invariant  G-covering  lA  a regular  G-covering  if  its  nerve  is  a 
regular  G-covering;  i.  e.  if  it  satisfies  the  following  condition  for  each  subgroup  H of 

G: 

If  Uo, Un  are  members  ofU  and  ho, h„  are  in  H and  if  t/o  n ...  D t/„  ^ 0 ^ 
hoUo  n ...  n hnUn,  then  there  is  an  element  h of  H with  hUi  = hiUi  for  all  i. 

From  the  above,  we  have  the  following  proposition: 

Proposition  S.2.1  Let  X be  a compact  G-space,  G finite.  Then  the  finite  dimensional 
regular  G-coverings  of  X are  cofinal.  □ 

Let  U and  V be  G-coverings  such  that  V is  a refinement  of  U.  Then  there  exists 
a refinement  projection  p:  V — > U which  is  equivciriant.  That  is, 

V C p{V)  and  p(gV)  = gp{V). 

For,  we  choose  a representative  out  of  each  orbit  of  G on  V and  define  p arbitrary 
on  these  representatives  so  that  V C p(V).  If  gV  = g'V,  where  V is  one  of  these 
representatives,  then 

[g-^g'p{V)]np{V)  D nv  = 

so  that  gp{V)  = g'p{V)]  i.e.,  the  assignment  5(F)  — > 9P{V)  is  well-defined.  Thus 
we  Ccin  extend  the  definition  by  putting 

p{gV)  = gp{V). 

Therefore,  G-coverings,  ordered  by  existence  of  equivariant  refinement  maps,  form 
a directed  set.  This  is  not  true  of  arbitrary  invariant  coverings.  For  this  reason  we 
regard  G-coverings  as  the  basic  notion,  rather  that  invciriant  coverings. 
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Let  i4  be  a closed  subset  of  the  compact  set  X.  If  ZY  is  an  open  covering  of  X,  then 
K{U\A)  will  denote  the  subcomplex  of  K{U)  consisting  of  all  simplices  {Uo,...,Un) 
such  that  UqD  ...nUnH  A ^ 0.  If  V is  a refinement  of  U and  p : V U is  any 
refinement  projection  then  the  induced  simplicial  map,  p : K{V)  — » K(U),  carries 
K{y\A)  into  K{U\A).  Moreover,  for  any  two  refinement  projections  p,q  : V — * U, 
p and  q are  contiguous  on  K{V\A)  — ♦ K{JU\A)  [E-S,  pg.  235].  This  implies  that  the 
induced  homology  maps  and  cohomology  maps  (arbitreiry  coefficients) 

H{K{V\K{V\A))  H{K{U),K{U\A)l 

H*{K{U),K{U\A))  H*{K{V\K{V\A)) 

are  independent  of  the  choice  of  the  refinement  projection.  The  definition  of  Cech 
homology  and  cohomology  may  be  taken  to  be 

H{X,A)  = YimH{K{U),K{U\A)\ 

H*{X,A)  = \imH*{K{U),K{U\A)), 

where  the  limits  are  taken  over  all  coverings  U.  Recall  that  the  set  of  (j-coverings 
is  a cofinaJ  system  of  coverings.  Therefore  we  will  consider  only  G-coverings  for  the 
definition  of  Cech  homology  and  cohomology. 

Now  we  consider  the  generalization  of  the  Smith  sequences.  Thus  we  will  edso 
consider  only  a cyclic  group  of  order  p and  work  with  coefficients  in  Zp.  Let  U he  a, 
G-covering  of  X eind  consider  the  Smith  special  groups 

where  p = r*,  l<i<p— 1.  Since  any  G-covering  V refining  1/  possesses  an 
equivariant  refinement  projection,  we  have  the  induced  maps 

H“(K(V),K(V\A))  H‘‘(K{U),K(U\A)), 


23 


H;(K{u),m\A))  h;(k{v).k(v\a)). 

Any  two  equivariant  refinement  projections  induce  contiguous  equivariant  simplicial 
maps  [E-S,  pg.  235]  zind  the  induced  chain  maps  are  equivari£intly  chaun  homotopic 
[Bre2,  pg.  126].  Hence  the  above  homology  maps  are  independent  of  the  choice  of  the 
equivariant  refinement  projection.  Consequently,  we  can  define  Smith  special  Cech 
homology  (cohomology)  groups, 


H^{X,A)  = VimH'‘{K{U),K{U\A)), 

h;{x,a)  = \im  h;{k{u),k{u\a)), 

where  U ranges  over  the  G-coverings  of  X. 

Since  the  direct  limit  functor  is  exact  [Fu,  pg.  58],  we  have  the  Smith  long  exact 
sequences  for  Cech  cohomology  groups; 


A-,Z,)t^  A-.Z,)®  H"(X°,  A°-,Z,)t-  ir{X,  A;  Z,)  C 


In  general,  the  inverse  limit  functor  is  not  always  exact  [Fu,pg.63].  But  the  inverse 
limit  of  cin  exact  sequence  of  finite  dimensioned  vector  spaces  over  a field,  Zp,  is 
exact  [E-S,  pg.  226].  Therefore  if  X is  compact  and  A is  closed,  then  we  also  have 
the  following  Smith  long  exact  sequences  for  Cech  homology  groups,  since  the  finite 
G-coverings  will  be  cofinal  [Proposition  3.2.1]: 


jr  — 


A-  Zp)  ^ HdiX,  A;  Zp)  © A®;  Zp)  ^ H„{X,  A;  Zp) 


Theorem  S.2.1  [Bre2,  pg.  144]-  X be  a compact  G-space,  G a cyclic  group  of 
prime  order  p,  and  let  A be  a closed  invariant  subspace.  Then 


rkfi;(X,A-.Z,)  + •£rkii‘(X°, 


A^-,Zp)<J^rkH\X,A-,Zp). 

i>n 


The  corresponding  statement  is  also  true  for  homology.  □ 
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3.3  Newman’s  Theorem 

In  this  section  we  shall  prove  a theorem  of  Newman  [N]  in  a version  due  to  Smith 
[S2].  This  state  that  a compact  Lie  group  cannot  act  on  a manifold  in  such  a way  eis 
to  have  “uniformly  small”  orbits. 

Lemma  S.S.l  [Bre2,  pg.  154].  Let  : X — * Y be  a surjective  map,  let  B C Y be 
closed  and  put  A = tt~^B.  Let  U be  a covering  of  X and  suppose  that  the  canonical 
homomorphism 

H^{K{U),K{U\A))  H"{X,A) 

is  onto.  If  there  exists  a covering  V of  Y such  that  7t~^V  refines  li,  then  ir*  : 
H\Y,  B)  H^{X,  A)  is  onto.  □ 

Proposition  S.S.l  [Bre2,  pg.  155].  Let  X be  a compact  space  and  A C X a closed 
subspace.  Suppose  that  W[X,  A]  Z)  = 0 for  i > n and  that  H^{X,A\Z)  ~ Z. 
Also  assume  that  if  C is  any  proper  closed  subspace  of  X,  then  H^{X,  A;  Z)  — » 
H^{C,C  nA]Z)  is  trivial.  LetU  be  any  covering  of  X such  that 

ITiK{U),  K{U\A)]  Z)  H^{X,  A]  Z) 

is  onto.  Then  there  does  not  exist  an  effective  action  of  any  compact  Lie  group  on  X 
leaving  A invariant  and  such  that  each  orbit  is  contained  in  some  member  ofU.  □ 

Theorem  S.S.l  [Bre2,  pg.l56].  Let  M be  a connected  topological  n-manifold.  Then 
there  exists  a finite  open  covering  U of  the  1-point  compactification  of  M such  that 
there  is  no  effective  action  of  a compact  Lie  group  on  M with  each  orbit  contained  in 
some  member  ofU. 

Proof.  The  case  1:  M is  orientable.  Let  X be  a 1-point  compactification  of  M, 
A = {oo}.  From  the  Lefschetz  duality  theorem  [Sp,  pg.  297;  Mu,  pg.  415]: 


H^{X  - A;  Z)  ~ H^-\X,  A]  Z), 
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we  have  H^{X,  A\Z)  Z and  H^{X,  A-,Z)  = Q for  i > n.  Let  V"  C M be  an  open 
n-disk  and  consider  the  pair  {X,  X - V)  and  Int(X  - y).  By  the  excision  theorem 
for  cohomology,  the  inclusion  map,  (X,  Int(X  — K))  — » (X,X  — V),  induces  an 
isomorphism  for  cohomology.  Also  the  inclusion  (X,  A)  — ♦ (X,  X — V')  induces  an 
isomorphism  for  cohomology.  Together,  we  have 

dV]  Z)  ^ H^X,  X-V]Z)^  H^(X,  A;  Z). 

Now  let  C C X be  a closed  subset  and  choose  an  open  n-disk  V C X — C and  consider 
the  following  diagram; 

//"  (X.  X - V)  ► //"  (X,  A) 

0 = C)  = //"rC,  CD  (X-V))  ► H^(C,  C n A)) 

Then  H^{X,  A;  Z)  H^{C,  CnA-Z)  is  trivial. 

Now  we  construct  an  explicit  open  covering  of  X which  satisfies  the  condition  of 
Proposition  3.3.1.  Let  D be  an  n-disk  in  M,  and  let  / : X — ♦ be  a map  which 

is  a homeomorphism  of  Int(Z))  onto  — uq  and  X—  Int(i))  onto  uq.  See  Figure 

3.3.1. 


Let  Ui  = f ^(st  Vi)  for  each  z = 0,  ...,n  -f  1 and  consider  the  covering 


U = {Ui\i  = 0,  ...,n-|- 1}. 
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Then  the  natureil  homomorphism 

IT{K{U),  K{U\Ay,  Z)  ^ H^{X,  A-  Z), 

is  an  isomorphism.  Since  this  covering  U satisfies  the  condition  of  Proposition  3.3.1, 
we  proved  the  case  when  M is  orientable. 

The  case  2:  M is  nonorientable.  Let  L be  a polyhedron  obtciined  from  U 

(w,vo)  and  let  D eind  D*  be  two  n-disks  in  M with  D C Int(D*).  We  define  a map 
h : M L hy  taking  Int(D)  homeomorphically  onto  — Vq,  taking  dD  to  Vq, 

taking  Int(D*)  — to  (w,Vo)  and  taking  M— Int(Zl*)  to  w. 


Let  U be  the  covering  of  X by  inverse  images  of  open  stars  of  L,  and  let  Ui  = 
h~^{stvi)  for  each  i = 0,...,n  + 1,  and  W = h~^{stw).  We  claim  that  no  effective 
action  of  a compact  Lie  group  on  M can  have  eill  orbits  contained  in  members  of  U. 
Suppose  there  is  such  an  action  of  G.  G{D)  C\  D ^ ih  since,  for  x G t/i  D U2.-.  H Un+i, 
G{x)  G Ui  for  some  i = l,...,n  + 1-  G{D)  C Int{D*.)  Notice  that  G is  a compact 
group,  hence  G is  equicontinuous.  Therefore  there  is  a connected  open  neighborhood 
V o{  D with  G{V)  C Int(£)*).  Since  all  transformations  of  V intersect  D,  G{V) 
is  connected.  Therefore  we  may  as  well  take  V = G{V).  But  K is  an  orientable 
n-meinifold  and 

unv  = {Ui,U2,...Un+i,wnv} 
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is  an  open  covering  of  V of  the  type  constructed  above  for  an  orientable  n-manifold. 
It  follows  that  G acts  trivially  on  V.  This  contradicts  another  Newmcin’s  theorem 
[N],  [Dr]  which  we  will  also  prove.  □ 

Theorem  S.S.2  [N,  Dr].  If  G is  a compact  Lie  group  acting  effectively  on  a connected 
n-manifold  M , then  the  fixed  point  set,  , is  nowhere  dense. 

Proof.  Let  D be  an  n-disk  contained  in  M^.  By  lifting  the  action  to  the  ori- 
entable double  covering  [[Brel],  [Bre2,  pg.  67]  and  [St,  pg.  87]]  of  M in  Ccise  M 
is  nonorientable,  we  can  assume  that  M is  orientable.  Again  we  define  the  map 
f : M —*  as  in  Theorem  3.3.1.  Then  every  orbit  is  contained  in  some  Ui,  since 

Ui  C for  t = 1,  ...,n  + 1.  Now  let  X be  the  1-point  compactification  of  M with 
A = oo.  Then  the  induced  covering  of  X contradicts  the  Proposition  with  A = oo  by 
the  same  argument  as  in  the  proof  of  the  orientable  case  of  Theorem  3.3.1.  □ 

As  a corollary  of  Theorem  3.3.1  we  have  Newman’s  Theorem. 

Theorem  S.3.S  [N,  Dr].  Let  M be  a connected  manifold  with  metric  d.  Then  there 
exists  an  € > 0 such  that,  for  every  action  of  a compact  Lie  group  G on  M , there 
exists  an  orbit  of  diameter  larger  than  e. 

Proof.  Let  Uo,Ui,...,Un+i  be  the  covering  of  M U oo  eis  in  Theorem  3.3.1  with 
oo  6 Uq.  Then  M — Uq  is  compact  and  contained  in  Ui\JU2...UUn+i-  Let  e > 0 be  such 
that  B2c{x)  C Ui  for  some  z = 1,  ...,n-f  1.  Suppose  G acts  on  M and  diam{G{y))  < e 
for  ail  2/  G M.  Then  G{y)  C Bj^y)  for  all  y E M.  Now  we  can  consider  two  Ccises: 

(1)  If  Bt{y)  — £/o  ^ 0-  We  choose  x E Bc(y)  — Uq  then  y E B^{x)  and  hence 

G{y)  C B,{y)  C B2,{x)  C Ui 

for  some  z = 1,  ...,n  -t-  1. 

(2)  If  B,{y)  - C7o  = 0 then 

G{y)  C B,{y)  C Uq. 
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Consequently  each  orbit  is  contained  in  Ui  for  some  i = 0,  ...,n+  1.  This  contradicts 
the  choice  of  the  covering  {Ui},  we  proved  the  theorem.  □ 

Corollary  S.S.l  Let  have  the  usual  Euclidean  metric.  Then  an  action  of  a compact 
Lie  group  G on  BJ'  can  not  have  orbits  of  uniformly  bounded  diameter. 

Proof.  Let  e > 0 be  eis  in  Theorem  3.3.3  for  M = emd  let  iV  be  a bound  for 
the  diameters  of  the  orbits  of  a given  action  0 of  G on  iT*.  Define  a new  action  0* 
by  putting 

e;(x)  = elN6,{Nlex). 

Then 

II I - «;(x)  II  = e/N  II  {Niex)  - 6,(Nl€x)  ||  < e 
contreiry  to  Theorem  3.3.3.  □ 


CHAPTER  4 

P-ADIC  TRANSFORMATION  GROUPS  ON  COMPACT  3-MANIFOLDS 

4.1  Almost  Periodic  Homeomorphisms  on  Compact  Metric  Spaces 

A homeomorphism  /i  of  a metric  space  {X,  d)  onto  itself  is  said  to  be  almost 
■periodic  [A.P.]  on  X iff,  for  every  e > 0,  there  exists  a relatively  dense  sequence  {rii} 
of  integers  (i.  e.  the  gaps  are  bounded)  such  that  d(x,  h”*(x))  < e for  all  x € and 
t = +l,±2,+3, ...  . In  particular  if,  for  every  e > 0,  there  exists  a positive  integer 
Tic  such  that  d(x,/i*(x))  < e for  all  x € A"  and  for  all  k 6 we  say  that  the 
homeomorphism  h is  regularly  almost  periodic  [R.A.P.]. 

Below,  we  state  a well-known  characterization  [Proposition  4.1.1]  and  property 
[Proposition  4.1.2]  of  almost  periodic  homeomorphisms. 

Proposition  i.l.l  [G2,  pg.  S41j-  Let  X be  a compact  metric  space.  Then  k is  an 
almost  periodic  homeomorphism  on  X if  and  only  if  the  set  of  powers  of  h is  equicon- 
tinuous  on  A.  □ 

Proposition  i.1.2  [Gl,  pg.  55].  Let  h be  an  almost  periodic  homeomorphism  on  a 
compact  metric  space  (A,  d)  and  let  e be  any  positive  number.  Then  there  exists 
a regularly  almost  periodic  homeomorphism  H on  X such  that  d{h(x),  H{x))  < e 
for  each  x E X.  The  homeomorphism  H may  be  chosen  as  the  uniform  limit  of  a 
sequence  of  positive  powers  of  h.  □ 

A homeomorphism  h of  a metric  space  (X,d)  onto  itself  is  said  to  be  nearly 
periodic  [N.P.]  iff  there  exists  a complete  system  of  finite  covers  which  are 

invariant  under  h.  The  sequence  is  called  a complete  system  iff  {mesh  (Di)} 

hcis  limit  0. 
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4.2  Nearly  Periodic  and  Regularly  Almost  Periodic  Homeomorphisms 

In  this  section  we  will  prove  our  first  main  theorem  [Theorem  4.2.1]  of  this  chap- 
ter and  give  an  example  to  show  that  the  compactness  hypothesis  is  necessziry.  P. 
A.  Smith  [S3]  shows  how  to  construct  a compact  0-dimensioned  group  acting  on  a 
compact  majiifold,  M,  generated  by  a given  N.P.  treinsformation,  T,  of  M onto  itself. 
He  then  stated,  without  proof,  that  every  element  of  a p-adic  treinsformation  group 
acting  on  a compact  metric  space  is  nearly  periodic.  In  this  section,  we  also  provide 
a proof  of  this  theorem.  (See  Proposition  4.2.1.) 

Theorem  4-S.l  Regularly  almost  ■periodic  is  equivalent  to  nearly  periodic  for  homeo- 
morphisms on  compact  metric  spaces. 

Proof.  Let  h be  R.A.P.  on  a compact  metric  space  X.  We  shall  construct  a 
complete  system  of  finite  covers  which  are  invariant  under  h and  such  that 

{mesh  (fii)}  limit  0. 

Let  Cl  > 0 and  choose  a finite  open  cover 

Cl),  H(xi.2,  Cl), ...,  B{xi,k., , Cl). 

Since  h is  R.A.P.  there  exists  a positive  integer  such  that  d(i,  h^(x))  < Ci  for  all 
n E We  let  powers  of  h act  on  each  Bi^t,  where  Hi,*  = B(xi_fc,Ci).  Set 

SU  = U '*^•■*'(^1,0.  for!  = 0,l,2,....n„  - 1. 

J=0 

Then  ^ : / = 0, 1,2,  ...,ne^  — 1}  is  invariant  under  h and 

{B[,k  • ^ = 0,l,2,...,rie^  - l,k  = 1,2, 

forms  a finite  invariant  open  cover  of  X,  denoted  by  fli. 

Now  let  Si*  > 0 be  the  Lebesgue  number  corresponding  to  fii.  Since  the  set  of 
powers  of  h is  equicontinuous  on  X [Proposition  4.1.1],  we  can  find  a > 0 such  that 

h'{B[x,  a))  C B{h'(x),  Si),  ioxi  E Z eind  x E X. 
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Let  1/2^}.  Let  ej  > 0 be  the  number  such  that 

h^{B{x,e2))  C B{h'{x),6i/6),  forx  € Zandx  € X 
cind  consider  the  finite  open  cover 

{5(x2.ife, 62)  : k = 1,2,..., fee,}. 

For  convenience,  we  denote  B(x2,k,^2)  = B2,k-  Also,  from  the  definition  of  R.A.P., 
there  exists  a positive  integer  such  that  d(x2,jt,  /i"(x2,fc)  < ^2  for  all  n € ric,Z.  We 
let  powers  of  h act  on  S2.it  for  each  k and  set 

B2,k  = ■"'(52.it),  for/  = 0,1, ...,n,,  - l,fc  = 1,2, ...Ai^,. 

Then  the  family  of  open  sets  Bl^j^,  for  / = 0,1,..., Tie,  ~ 1>  is  invariant  under  h 
and  diam  (Sj  *.)  < for  each  /.  Therefore  Sj is  conteiined  in  B[j  for  some  j,  I'. 
Consequently  we  get  the  finite  open  cover 

{^2,k  • ^ “ 0,  1,  ...Tie,  — 1,  A:  = 1, 2,  ...,  Ale,}  = f/2 

which  is  invariant  under  h,  mesh  ((12)  < mesh  (fii)  and  mesh  {CI2)  < 1/2*. 

Inductively,  we  can  get  a complete  system  {Hi}  of  finite  open  covers  which  are 
invciriant  under  h and  such  that  mesh  (fi,)  < 1/2*. 

The  converse  is  clearly  true  from  the  definition.  □ 

Theorem  4.2.1  is  not  true  without  the  compactness  assumption  as  the  following 
example  shows.  This  example  also  shows  that  Proposition  4.2.1  is  fcilse  without  the 
compactness  cissumption. 

Excimple.  Let  d = min{d{a,b),l}  be  a metric  on  the  read  line  and  define  the 
metric  p{x,y)  on  R°°  to  be  the  l.u.b.{J(xi,T/i)}  for  x = {xi,  X2, ...},  y = 

We  consider  the  following  tree  X which  is  embedded  in  i2*  so  that  the  segment  [a,b] 
is  located  at  z-cixis  with  d(a,  6)  = 1/4  and  is  contained  in  the  unit  disc  in  the  plane. 
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HGURE  4.2.1 


We  also  define  the  period  2 homeomorphism  T2  described  in  Figure  4.2.1,  below,  (i. 
e.,  T2  is  the  tt  rotation  about  z-axis  fixing  the  segment  [a,b]). 

We  can  define  a periodic  homeomorphism  Tjt  on  X with  period  2*  depending  on 
Tji-l . 

For  excimple,  T2J,  which  is  the  the  periodic  homeomorphism  of  X with  period  4,  is 
the  composition  of  T2  and  the  tt  rotation  of  subtree  below  11,  fixing  the  complement 
of  this  subtree  and  described  in  Figure  4.2.2,  below. 


Define 

T = lim  T2». 

t— >oo 

Then  T is  R.A.P.  and  N.P.  on  X.  This  shows  that  we  can  define  N.P.  on  a metric 
space  without  compactness.  Now  we  consider  the  wedge  product 


X- = vs.Xi  c 
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where  Xi  is  the  tree  described  above,  and 

r*  = nTi: 

»=1 

where  Ti  = T on  Xi.  Notice  that  we  embed  X*  in  so  that  the  wedge  point, 

a,  is  at  the  origin.  Let  x e X*  with  d(x,0)  > 1/4.  Then,  for  sufficiently  small  e > 0, 

Bp(x,  e)  n X*  C Xj  for  somej. 

Hence  we  can  not  find  a complete  system  of  finite  open  covers  of  X*.  But  T*  is 
obviously  R.A.P.  □ 

Corollary  4-S.l  The  following  statements  are  equivalent  on  a compact  manifold. 

1.  A regularly  almost  periodic  homeomorphism  on  a compact  manifold  is  periodic. 

2.  A nearly  periodic  homeomorphism  on  a compact  manifold  is  periodic. 

S.  (Newman’s  property  on  regularly  almost  periodic  homeomorphisms) . Let  h be 
a regularly  almost  periodic  homeomorphism  of  a compact  manifold  onto  itself. 
Then  there  exists  e > 0 such  that  every  h’  action  on  X,  with  d(x,  h'^{x))  < e 
for  i E Z+,x  E X , is  trivial.  □ 

Remark.  Newman’s  theorem  [N]  for  periodic  homeomorphism  on  manifolds  heis 
cdso  been  proved  by  A.  Dress  [Dr]  and  P.  A.  Smith  [S2j.  See  also  [Bre2,  p.l54j.  Later 
H.  T.  Ku  [K-K-M]  extended  Newman’s  theorem  to  actions  of  p-adic  solenoids. 

Proposition  i.2.1  Let  X be  a compact  metric  space  and  G be  a p-adic  transformation 
group  acting  on  X.  Then  every  element  of  G is  nearly  periodic,  and  consequently  by 
Theorem  2.1,  also  regularly  almost  periodic  on  X. 

Proof.  We  use  the  technique  of  Yang  [Yal]  . Let  X be  a compact  metric  space 
and  G be  a p-adic  group  acting  as  a topologiccil  transformation  group  on  X.  Let 
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G = Go  D Gi  D ...  be  a sequence  of  open  subgroups  of  G such  that,  whenever  j > t, 
GijGj  is  a cyclic  group  of  order  and  limi_*oo{  diana  (Gi)}=0.  Let 

hi,j : G/G,  — ^ G/Gi,  hi.  G—^  GjGi 

be  homomorphisms  induced  by  the  identity  homomorphism  of  G;  i.e.  gGj  — * 
gGi,  g — > gGi  by  hij,hi  resp.  Then 

G ~ lim{G/G,} 

with  bonding  map  hij.  Similarly,  we  let 

i^ij  : X/Gj  X/Gi,  TTi-.X-^  X/Gi 

be  maps  induced  by  the  identity  homeomorphism  of  X.  Then  {X/Gi  ■ is  an 
inverse  system  and  {tt^}  determines  a homeomorphism  of  X onto  lim_{A’/Gy}  by 
X — * (xGi,  xG2...).  Note  that  X/Gi  denotes  the  orbit  space  of  X determined  by  Gi. 

Let  r be  an  element  of  G and  for  every  non- negative  integer  i,  let  T,-  be  the  coset 
TGi  in  G/G,-.  Since  TGi  acts  on  X/Gi,  Ti  is  a periodic  map  on  X/Gi  with  period 
p*,  where  k < i.  Let  Tj  be  the  periodic  map  for  j > t.  Then  the  period  of  Tj  is  no 
less  them  the  period  of  Ti  since  Gi  D Gj.  We  assume  that  the  period  of  Ti  is  p.  Let 

be  a finite  open  cover  of  X such  that  is  TTx-saturated  for  some  finite  open  cover  of 
X/G\.  We  let  powers  of  7\  act  on  and  find  the  finite  open  cover 

which  is  invariant  under  T. 

Now  let  ^x*  be  the  Lebesgue  number  of  f2x>  = min{8x  , 1/2*}  and  let  > 0 be 


a number  such  that 
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T‘(5(x,e2))  C B{T\x),Si/6)  for  all  i,  for  all  x G X. 

Let  Gk  be  a sufficiently  small  subgroup  such  that 

^k  = {Uk,i,Uk,2,...,Uk.u} 

is  a finite  open  cover  of  X with  diam(C/jt,,)  < ej  and  TTjt-saturated  for  some  finite  open 
cover  of  X/Gfc.  Then 

where  q is  the  period  of  Tjt,  is  an  invariant  finite  open  cover  of  X under  T and  mesh 
(flfc)  < ^1.  Thus  we  get  the  finite  open  cover  Qk  which  is  invariant  under  T and  mesh 

(no  < 1/2^ 

Inductively  we  get  a complete  system  {fii}  of  finite  open  covers  which  Eire  invEiriant 
under  T and  mesh  (fiO  has  limit  0.  □ 

Now  we  study  how  a N.  P.  transformation  generates  a compact  0-dimensionaJ 
group  on  a compact  complete  metric  space.  This  materijil  is  taJcen  from  P.  A.  Smith 
[S3]. 

Let  M be  a metric  space  and  let  {U}  be  a complete  system  for  the  N.  P.  trcins- 
formation  T acting  on  M.  Let  AT  be  the  nerve  of  U.  Then  A/"  is  a simpliciaJ  complex, 
we  also  denote  the  nerve  of  U by  U. 

Since  each  complex  U is  finite,  the  simplicicil  transformation  which  T induces 
is  periodic  in  U,  say  of  period  p(ZY).  If  U,  B axe  in  the  system  {W}  and  if  B is  a 
refinement  of  U,  then  p{U)  must  be  a divisor  of  p{B).  Now  let  Af  be  a compact 
metric  space.  Then  we  may  assume  that 

{U}  = {Ui\ i G N},  where  Ui+\  refines^,-,  t = 1, 2, ...  . 

Let  Ti  = p{Ui).  We  call  J”i,r2, ...  a period  sequence  admitted  by  T. 
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Now  we  consider  the  transformation  ti  which  T induces  in  the  complex  Ui.  Then 
form  a cyclic  group  G{  of  order  r^.  The  correspondence 

^ = 0.1. -.ri;  k = hmod  ri) 

defines  a homomorphism  <f>i  with  <f>i{ti+i)  = U.  Let  An  be  the  inverse  limit  group 
of  sequence  {Giy<f>i).  Then  An  is  a compact  topological  0-dimensional  group,  called 
r^-adic  group.  If  = p*  for  some  p,  then  An  is  a so-called  p-adic  group.  Let  us 
now  assume  that  the  space  M is  complete.  We  will  show  how,  by  the  adjunction  of 
certain  limit  transformations  to  the  cyclic  transformation  group  T generated  by  T , 
we  obtciin  a trcinsformation  group  7 which  is  a realization  of  Ar^. 

An  element  of  Ar^  is,  by  definition,  a sequence  of  the  form 

t = < “i  < Pi  - 1;  Oi  = CLi+imod  ri). 

We  claim  that  there  exists  a transformation  Tt  of  M such  that  the  sequence  T“‘,  T®*, ... 
converges  uniformly  to  Tt.  Note  that,  since  is  a divisor  of  we  have  a™  = 
a„  mod  r„  if  m > n.  Consequently,  T“”*  effects  precisely  the  Scime  permutation  of  the 
component  sets  of  a.s  T“"  does  if  m > n.  Hence,  if  we  assign  to  each  point  i a set 
of  lin  such  that  x G f/",  we  have 

T“"‘(x)  € T“’»(C/;)  = if  m>n. 

Thus  if  m,k  > n, 

d(T“’"(x),T“*(i))  < mesh{Ury), 

and  since  mesh(ZV„)  — > 0,  the  sequence  T“‘(x)(i  = 1,2,...)  is  a Cauchy  sequence, 
and  hence  converges.  Clearly  the  convergence  is  uniform,  and  therefore  we  obtain  a 
continuous  map  Tt  of  M.  Tt  is  homeomorphism  and  depends  continuously  on  t.  In 
fact,  let  xi,  X2  € M.  Then  there  exists  Um  in  {Ui\i  € N}  such  that  xi  G € 

Urrii  with  t/mi  H Umj  = 0.  Then  n = 0.  Therefore  Tt{xi)  ^ 
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Tt{x2),  hence  Tt  is  a homeomorphism.  Now  let  d{Tt,T,)  < e with  t = — 

and  s = Then  there  exists  n such  that  = bi  for  all  i < n.  Therefore 

we  may  consider  that  t,  s are  in  a topologically  small  subgroup.  Consequently  Tt 
depends  continuously  on  t.  Moreover,  the  transformations  Tt  constitute  a group  7 
with  TtT,  = Tu,  where  t,3  are  elements  of  and  T is  a realization  of  An-  Clearly 
the  original  N.  P.  transformation  T is  Tt  where  t = .••)• 

Thus,  if  M is  a compact  metric  space,  then  every  N.  P.  transformation  T is 
contained  in  a compact  0-dimensional  group  T of  N.  P.  transformations,  T is  the 
completion  of  the  group  generated  by  T,  and  the  0-dimensional  group  which  it  realizes 
is  uniquely  determined  by  T. 

Conversely,  every  transformation  in  a compact  0-dimensioned  group  of  transfor- 
mations of  a compact  metric  space  is  nearly  periodic  by  the  scime  argument  as  the 
proof  of  Proposition  4.2.1  and  Theorem  2.2.1. 

4.3  Almost  Periodic  Homeomorphisms  and  Hilbert-Smith  Conjecture 

Newman  [N]  , P.  A.  Smith  [S2],  and  A.  Dress  [Dr],  proved  that  if  G is  a compact 
Lie  group  acting  effectively  on  a topological  n-manifold  Af , then  the  fixed  point  set 
is  nowhere  dense.  From  this  result  we  have  the  following  proposition: 

Proposition  4-S.l  Let  M be  a compact,  connected  n-manifold  unth  nonempty  boundary 
and  let  h be  a periodic  homeomorphism  of  M onto  itself  such  that  h is  the  identity 
on  dM.  Then  h is  the  identity  on  M . 

Proof.  We  attach  two  copies  of  M on  their  boundciries  with  the  identity  map  and 
let  H be  the  map  of  MUid|9Af  M onto  itself  such  that  H = h on  one  copy  of  M and 
H = identity  on  the  other  copy  of  M.  Then  H is  periodic  on  this  double  of  M and 
the  fixed  point  set  contains  an  open  subset.  Therefore  h = identity,  by  Newmain’s 
theorem.  □ 
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In  general,  A.P.  and  R.A.P.  axe  not  equivalent  on  a metric  space  . For  exam- 
ple, an  irrational  rotation  on  or  is  A.P.,  but  is  not  R.A.P.  [F],  [vK].  But, 
from  Proposition  4.2.1,  Proposition  4.3.1  and  Corollary  4.2.1,  we  have  the  following 
theorem: 

Theorem  i.S.l  Let  M be  a compact,  connected  S-manifold  with  nonempty  boundary 
and  let  h be  a homeomorphism  of  M onto  itself.  Then  each  of  the  following  is  equiv- 
alent to  the  Hilbert-Smith  conjecture  on  M: 

1.  If  h is  almost  periodic  on  M,  with  h=identity  on  dM,  then  h=identity  on  M. 

2.  If  h is  regularly  almost  periodic  on  M,  with  h=identity  on  dM,  then  h=identity 
on  M. 

S.  If  h is  regularly  almost  periodic  on  M,  then  h is  periodic  on  M . 

4.  If  h is  nearly  periodic  on  M , then  h is  periodic  on  M. 

5.  (Newman’s  property  on  regularly  almost  periodic  homeomorphisms).  Let  h be  a 
regularly  almost  periodic  homeomorphism  of  M onto  itself.  Then  there  exists 
e > 0 such  that  every  h*  action  on  M , with  d{x,  h’^[x))  < e for  i £ Z+,  x € M, 
is  trivial. 

Proof.  (1)  implies  (2):  clear. 

(2)  implies  (3):  Let  h be  R.A.P.  on  M then  h is  periodic  on  dM  [Gi].  Let  n be 
the  period  of  h on  dM.  Then  h”  is  R.A.P.  and  identity  on  dM.  Therefore  h"  is  the 
identity  on  M,  by  hypothesis,  and  hence  h is  periodic  M. 

(3)  implies  (1):  Let  h be  A.P.  with  h = identity  on  dM,  and  let  e > 0.  By  Proposi- 
tion 4.1.2,  there  exists  a R.A.P.  homeomorphism  H on  M such  that  d{h{x),  H{x))  < e, 
for  each  x E M.  H is  periodic  by  assumption.  Since  His  a.  uniform  limit  of  a sequence 
of  positive  powers  of  h and  h = identity  on  dM,  H = identity  on  dM.  Therefore 


39 


H = identity  on  M,  by  Proposition  4.3.1.  Since  e was  axbitreiry,  h = identity  on  M. 
By  Corollary  4.2.1,  (3),  (4),  and  (5)  are  equivcilent. 

Clearly  (4)  implies  the  Hilbert-Smith  conjecture  from  the  Proposition  4.2.1.  Con- 
versely let  T be  N.  P.  which  is  not  periodic.  Then  we  can  construct  the  compact 
totailly  disconnected  group  G generated  by  T [S3],  and  G cam  act  effectively  on  M. 
□ 
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Abstract 

Prime  end  theory  is  essentially  a compactification  theory  for  simply  connected, 
bounded  domains,  U,  in  E^,  or  simply  connected  domains  in  with  nondegener- 
ate complement.  The  planar  case  was  originally  due  to  Cajatheodory  and  Weis  later 
generalized  to  the  sphere  by  Ursell  and  Young,  and  to  arbitrary  two  meinifolds  by 
Mather.  There  are  many  applications  of  the  two  dimensioned  theory,  including  appli- 
cations to  fixed  point  problems,  embedding  problems,  and  homeomorphism  (group) 
actions. 

Severed  constructions  of  a three  dimensional  theory  appeax  in  the  literature,  in- 
cluding work  by  Kaufmann,  Mazurkiewicz,  and  Epstein. 

In  this  paper,  we  develop  a simple  three  dimensional  prime  end  theory  for  certain 
open  subsets  of  Euclidean  three  space.  It  includes  conditions  focusing  on  an  “Induced 
Homeomorphism  Theorem”,  which  we  believe  provides  the  necessciry  ingredient  for 
applications.  In  particular,  we  obtain  some  theorems  with  potential  applications  to 
the  Hilbert-Smith  Conjecture. 
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A.l  Introduction 

Prime  end  theory  is  essentially  a compactification  theory  for  simply  connected, 
bounded  domains,  U,  in  E^,  or  simply  connected  domains  in  with  nondegener- 
ate complement.  The  planar  case  was  originally  due  to  Cciratheodory  [C],  and  was 
later  generalized  to  the  sphere  by  Ursell  and  Young  [U-Y],  and  to  axbitrary  two 
manifolds  by  Mather  [Mat].  For  each  such  domain,  U,  there  is  given  an  associated 
structure  of  crosscuts,  chains  of  crosscuts,  prime  ends,  and  impressions  of  prime  ends. 
Caxatheodory  [C]  and  Ursell  and  Young  [U-Y]  proved  the  following: 

Theorem  A.  1.1  [CJ.  The  prime  ends  of  U are  in  1-1  correspondence  with  the  boundary 
points  of  the  unit  disk.  That  is,  the  compactification  is  by  a manifold. 

Theorem  A.  1.2  [U-Y].  There  is  a C -transformation  <f>  : U —*  Int(D)  such  that  <f>  is 
uniformly  continuous  on  the  collection  of  crosscuts  ofU,  although  not  necessarily  on 
U. 

Theorem  A.l.S  [U-Y].  (The  Induced  Homeomorphism  Theorem^.  Let  U be  a 
simply  connected  domain  in  the  plane,  and  let  h : Cl{U)  “ homeomor- 

phism. Let  <f> : U —*  Int[D)  be  a C -transformation.  Then  <f>h<l>~^  : Int{D)  — > Int{D) 
can  be  extended  to  a homeomorphism  of  D onto  itself. 

There  are  many  applications  of  the  two  dimensional  theory,  including  applications 
to  fixed  point  problems,  embedding  problems,  periodic  points  of  homeomorphisms, 
and  homeomorphism  (group)  action  and  extension  problems.  See,  for  example,  [C-L, 
Mcis,  Ep2,  Br2,3,4,  Br-Mau,  Br-May,  Mayl,2,  Lew,  and  Mat],  among  others. 

Several  constructions  of  a three  dimensional  theory  appear  in  the  literature,  in- 
cluding work  by  Kaufmann  [Kau],  Mazurkiewicz  [Mciz],  and  Epstein  [Epl].  These 
papers  have  not  yet  had  any  applications  of  which  we  are  aware. 

In  this  paper,  we  develop  a simple  three  dimensioned  prime  end  theory  for  cer- 
tain open  subsets  of  Euclidean  three  space.  It  includes  conditions  not  addressed  by 
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any  of  the  above  three  authors.  Our  additional  conditions  focus  on  an  “Induced 
Homeomorphism  Theorem”,  which  we  believe  provides  the  necessEU’y  ingredient  for 
applications.  In  particular,  we  obtain  some  theorems  with  potential  applications  to 
the  Hilbert-Smith  Conjecture. 

The  first  author  would  like  to  thank  John  Mayer  for  interesting  discussions  on  the 
topic  this  paper  many  yeeirs  ago,  and  for  the  invitation  to  present  these  results  at  his 
AMS  Special  Session  in  Knoxville,  Tennessee,  in  March,  1993.  She  would  also  like 
to  express  her  deep  gratitude  to  both  Richard  Wiegandt  for  translating  significant 
portions  of  Kaufman’s  work  and  to  John  Mayer  for  his  treinslation  of  Caratheodory’s 
original  paper. 

A. 2 Definition  of  a Prime  End  Theory  on 

The  essential  ingredients  of  the  planar  prime  end  theory  are  included  in  The- 
orems 1.1,  1.2,  and  1.3  quoted  above.  A satisfactory  three  dimensional  theory  should 
certainly  include  these.  Thus,  we  define  a prime  end  theory  for  open  subsets  U of 
to  be  a theory  which  satisfies  these  conditions. 

A PRIME  END  THEORY  FOR  OPEN  SUBSETS  OF  MUST  INCLUDE  THE  FOL- 
LOWING: 

(1)  There  exists  a prime  end  structure  on  U including  crosscuts,  chains  of  cross- 
cuts, prime  ends,  and  impressions  of  prime  ends,  for  suitable  domains,  U , such  that 
the  prime  ends  determine  a prime  end  compactification,  U*  of  U,  consisting  of  U plus 
its  prime  ends. 

(2)  There  is  defined  a homeomorphism  <f>  from  U onto  the  the  interior  of  some 
compact  three  manifold  with  nonempty  boundary  such  that  <f>  is  uniformly  con- 
tinuous on  the  collection  of  crosscuts  of  U. 

(3)  The  prime  end  compactification  of  U is  homeomorphic  to  M^. 
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(4)  The  Induced  Homeomorphism  Theorem  holds  on  M^.  That  is,  if  h : Cl{U)  — » 
Cl{U)  is  an  onto  homeomorphism,  then  Int(M^)  can  be  ex- 

tended to  an  (induced)  homeomorphism  of  onto  itself. 

In  §3,  we  hypothesize  that  the  domciins  of  our  theory  come  from  the  collection  of 
bounded,  connected,  1 — ULC,  open  subsets  U of  such  that  U is  homeomorphic 
to  the  interior  of  some  compact  3-manifold  with  nonempty  boundary.  The  latter 
condition  is  necessary  by  (3)  above.  The  Whitehead  Example,  discussed  below,  shows 
why  the  1 — ULC  condition  is  necessary. 

In  §3,  we  also  present  our  definitions  of  “U  ha5  a prime  end  structure”,  of  the 
space  U*,  and  of  “C'-transformation”.  We  show  that  U*  is  compact,  so  that  we 
can  indeed  call  it  the  “prime  end  compactification”  of  U.  Our  C'-treinsformation 
is  similar  to  Ursell  and  Young’s  [U-Y]  C'-transformation,  eind  plays  the  role  of  the 
homeomorphism,  <f>,  in  our  definition  above.  Of  course,  there  are  then  two  major 
problems:  (1)  to  chairacterize  those  domains  U which  have  prime  end  structures,  eind 
(2)  to  characterize  those  open  subsets  of  which  admit  a C'-treinsformation  onto 
the  interior  of  some  compact  3-manifold.  These  remeiin  open  problems  at  present. 

The  Whitehead  Example.  This  example  illustrates  the  typical  problem  that 
we  must  avoid  in  our  open  sets.  It  is  an  example  of  a connected,  simply  connected, 
contractible,  proper  open  subset  of  which  is  not  homeomorphic  to  E^.  It  Cein  be 
constructed  as  the  complement  of  the  intersection  in  5^,  of  “half- twisted” , folded 
tori.  Note  that  the  open  set  is  not  1-connected  at  infinity,  since  the  fundamental 
group  at  infinity  is  infinitely  generated.  In  particular,  it  is  not  1 - ULC  at  infinity. 
In  [Hul],  Husch  shows  that  this  example  does  not  have  a manifold  compactification. 

Below,  we  state  some  well  known  theorems  which  provide  sufficient  conditions  for 
an  open  3-manifold  to  be  homeomorphic  to  the  interior  of  some  compact  3-manifold 
with  nonempty  boundary. 
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Theorem  A. 2.1  [Ed].  Let  U be  a contractible  open  S-manifold,  each  of  whose  compact 
subsets  can  be  embedded  in  E^.  IfU  is  1-connected  at  infinity,  then  U is  homeomor- 
phic  to  E^. 

C.  T.  C.  Wall  has  a related  theorem,  for  which  a corollary  is: 

Theorem  A. 2. 2 [Wa].  If  M is  an  open  S-manifold  in  E^  which  is  1-connected  at 
infinity,  then  M is  homeomorphic  to  E^. 

Theorem  A. 2. 3 [Hu2j.  Let  M be  a connected,  orientable  S-manifold  with  compact 
boundary,  and  one  end.  The  interior  of  M is  homeomorphic  to  the  interior  of  a 
compact  S-manifold  iff  there  exists  a positive  integer  n such  that  every  compact  subset 
of  M is  contained  in  the  interior  of  a compact  S-manifold  M'  with  connected  boundary 
such  that 

1.  7Ti(M  — M‘)  is  finitely  generated, 

2.  genus  [Bd{M*))  < n,  and 

S.  every  contractible  2-sphere  in  M — M'  bounds  a S-cell. 

A.3  A Three  Dimensional  Prime  End  Theory  for  E^ 

In  this  section,  we  develop  a three  dimensional  prime  end  theory  for  a class  of 
domains  in  E^.  In  §3.1,  we  make  the  necessary  definitions  to  set  up  its  structure, 
including  the  definition  of  an  admissible  domain]  in  §3.2,  we  prove  the  existence  of 
such  a prime  end  theory  for  admissible  domains;  and  in  §3.3,  we  define  the  bubble 
domains  and  prove  that  the  bubble  domains  admit  (7-trajisformations  eind  therefore 
are  admissible.  The  proof  requires  the  use  of  the  Topological  Dehn’s  Lemma,  due  to 
Repovs  [Re].  We  also  give  some  examples  of  bubble  domains  to  show  that  they  form 
a large  class  of  interesting  domains  in  E^. 

STANDING  HYPOTHESIS  FOR  §3:  The  open  set  17  is  a bounded,  con- 
nected, 1 — ULC,  domain  in  E^  which  is  homeomorphic  to  the  interior  of  some 
compact  3-manifold  M^. 
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A. 3.1  Definitions 

1.  A crosscap  is  an  open  two-cell  D in  U such  that 

(1)  Z)  separates  U into  exactly  two  complementary  domains, 

(2)  Cl{D)  is  a two-cell,  and 

(3)  Cl{D)  n Bd{U)  = Bd{D). 

2.  A chain  of  crosscaps  in  17  is  a sequence  of  crosscaps  such  that 

(1)  Di+i  separates  D{  from 

(2)  Cl{Di)  n Cl{Dj)  = 4>]  and 

(3)  limi-,oo{diam(Di))  = 0. 

3.  Two  chains  of  crosscaps,  {Qi}  and  are  equivalent  iff 

(1)  For  each  Qi,  there  exists  j > i such  that  separates  Qi  from  Qj  U Rj\ 

(2)  For  each  Ri,  there  exists  j > i such  that  Ri^i  separates  R{  from  Rj  U 
Qj.  That  is,  two  subsequences  can  be  alternated  or  “interspersed”  to  form  a new, 
equivalent  chain  of  crosscaps. 

4.  A prime  end  of  U is  an  equivalence  class  of  chains  of  crosscaps  of  U. 

5.  Let  {Qi}  be  a chain  of  crosscaps  representing  the  prime  end  E of  the  domain 

17,  and  let  C/,  be  the  associated  or  corresponding  complementary  domain  of 
Qi\  that  is,  that  complementary  domain  of  Qi  in  U which  contains  U{Qi}j>»-  We 
Cedi  the  set  Cl{Ui)  the  corresponding  continuum,  and  the  set  (Cl{Ui))  fl  Bd{U) 
the  corresponding  boundary  compactum.  The  impression  of  E,  denoted  by 
I{E),  is  defined  to  be  the  set  Clearly,  I{E)  C Bd(U).  If  {Qi}  converges 

to  a single  point  x in  Bd{U),  then  x is  called  a principal  point  of  E.  As  in  the  two 
dimensional  theory,  the  set  of  principal  points  of  E may  be  nondegenerate.  However, 
if  J?  is  a prime  end  of  a compact  manifold,  then  E has  exactly  one  principed  point. 

6.  An  onto  homeomorphism  <f> : U Int(M^),  where  is  a compact  3-manifold, 
is  called  a C-transformation  iff 
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(1)  The  image  of  every  chain  of  crosscaps  of  f/  is  a chain  of  crosscaps  of 
Int(M^).  In  particular,  the  image  of  each  crosscap  of  17  is  a crosscap  of  Int{M^). 

(2)  On  each  crosscap  Q,  <f)  extends  to  a homeomorphism  from  Cl{Q)  onto 
Cl{(f>{Q)).  (However,  <j>  does  not  necessarily  extend  to  a homeomorphism  from  the 
union  of  the  closures  of  all  the  crosscaps  of  U to  the  union  of  the  closures  of  their 
images  in  <t>(Q)-) 

(3)  For  each  crosscap  Qi  of  a prime  end  of  U,  let  Ui  be  its  corresponding 
domain.  Let  {Qi,  Ui)  be  the  image  of  (Qi,  Ui)  under  <f>.  We  consider  the  following 
open  sets  on  Bd{M^):  Int[Cl{Ui)  D Bd(M^)].  We  require  that  the  collection  of  eill 
such  open  disks  on  Bd(M^)  form  a basis  for  the  topology  of  Bd(M^). 

7.  We  say  that  a domain  U has  a prime  end  structure  iff  for  every  6 > 0 there 

exist  a finite  number  of  prime  ends,  of  U,  and  a finite  number  of  crosscaps, 

{Qt}?=i)  with  Qi  a crosscap  of  some  chain  representing  Ei,  such  that 

(1)  diam(Qi)  < e , and 

(2)  If  Ui  denotes  the  corresponding  domain  for  Qi,  then  Bd(U)  U is 

a neighborhood  of  Bd(U)  in  Cl{U). 

8.  1/  is  ein  admissible  domain  iff  there  exists  a ^-transformation  <f>  : U 
Int(M^),  for  some  compact  3-manifold,  (Recall  that  U also  satisfies  the  Standing 
Hypothesis.)  The  triple  (U,(f),M^)  is  called  an  admissible  triple. 

A. 3. 2 Existence  of  a Prime  End  Theory  on  Admissible  Domains 

This  section  is  divided  into  four  parts,  establishing  the  properties  corresponding, 
respectively,  to  the  four  parts  of  the  definition  of  a prime  end  theory.  In  constructing 
the  prime  end  compactification,  U* , we  assume  only  that  U is  bounded  and  that  it  ha^ 
a prime  end  structure.  For  the  remainder  of  this  section,  we  cilso  assume  that  U is  an 
admissible  domain,  which  includes,  in  particular,  the  existence  of  a (7-transformation, 
<f>,  taking  U onto  the  interior  of  some  compact  3-manifold,  M^. 
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The  Prime  End  Compactification.  U* 

The  raison  d’etre  of  prime  end  theory  is  to  use  the  prime  ends  as  a compact- 
ification of  the  domain  in  question.  Thus,  we  first  define  the  space  U*.  Then,  in 
Theorem  3.1  below,  we  show  that  if  is  a bounded  domain  which  has  a prime  end 
structure,  then  U*  is  compact.  Of  course,  the  question  arises  as  to  the  existence  of 
domains  in  with  a prime  end  structure.  In  Theorem  3.2,  we  show  that  admissible 
domains  have  such  structures. 

To  this  end,  let  U he  & bounded  domain  in  which  has  a prime  end  structure, 
eind  let  U plus  the  prime  ends  of  U be  denoted  by  U*.  We  topologize  U*  by  declaring 
the  topology  of  U*  to  be  generated  by  basic  neighborhoods  of  the  form  described 
below: 

The  basic  neighborhoods  of  a point  of  U are  the  same  as  the  bcisic  neighborhoods 
of  that  point  in  the  topology  of  E^.  Now  let  be  a prime  end  of  £/,  and  let  {(3»} 
be  any  chain  of  crosscaps  representing  E.  Then  a basic  neighborhood  of  the  prime 
end  E is  the  corresponding  domain  Wi  of  any  one  of  these  crosscaps  (J,,  plus  all  the 
prime  ends  of  U represented  by  chains  of  crosscaps  which  are  eventually  in  Wi. 

Theorem  A. 3.1  Let  U he  a \ — ULC  bounded  domain  in  E^  which  has  a prime  end 
structure.  Then  U*  is  compact. 

Proof.  Let  U*  be  a bcisic  open  cover  of  U*.  Since  U hcis  a prime  end  structure, 
for  every  e > 0,  there  is  a finite  set  of  crosscaps,  coming  from  a finite  set  of 

prime  ends,  respectively,  such  that  diam{Qi)  < e and  Ur=i{Qi}  U Bd{U)  forms 
a neighborhood  of  Bd{U^  in  CK^U").  (Note  that  diam{Wi)  is  not  necesscirily  less  than 
e,  where  Wi  is  the  corresponding  domain  of  Qi.) 

We  claim  that  there  is  e*  > 0 such  that  each  such  Qi  for  that  e„  lies  in  some 
V eU.  For  suppose  not.  Let  e,-  — » 0,  and  let  Qi^, . . . , Qi^^  be  a finite  set  of  crosscaps 
of  U with  corresponding  domains  Wi^,...,  respectively,  such  that  each  of  these 
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crosscaps  has  diameter  < Cj.  For  ei,  there  is  at  least  one  of  these  crosscaps,  say  Qi,, 
which  is  not  a subset  of  any  element  of  U.  Now  S = Bd(Qi,)  is  a simple  closed 
curve  on  Bd[U)  which  is  accessible  from  U.  Thus,  for  each  point  of  S,  there  is  an 
element  of  U whose  corresponding  domain  is  a “neighborhood”  of  this  point.  Since 
5 is  compact,  a finite  number  of  such  basic  open  sets  in  U cover  S.  Their  crosscaps, 
whose  boundary  simple  closed  curves  lie  in  Bd[U),  can  be  used  to  define  a (small) 
simple  closed  curve  which  colWs  into  U with  its  colleir  lying  in  Wi,,  the  corresponding 
domain  of  Qi,.  Since  U isl  — ULC,  this  can  be  completed  to  a small  crosscap  Q mU 
such  that  Cl{Q)  D Cl{Qi,)  = 0,  with  Q C Wi,.  Now  Wi,  union  the  prime  ends  that 
lie  in  W\,,  cannot  be  covered  by  a finite  subcollection  of  U.  Thus  we  can  repeat  the 
above  process,  finding  a crosscap  Q2,  of  diameter  < Cj,  such  that  Qj,  C where 
W is  the  corresponding  domain  of  Q.  Then  Cl{Q\^)  D Cl{Q2,)  = 0 aJid  Q2,  C U\,. 

Continuing  inductively,  we  can  find  a chain  of  crosscaps  {Qi,}  such  that  none  of 
these  lies  in  any  element  of  U.  But  this  chain  of  crosscaps  of  U defines  a prime  end, 
say  F,  of  U,  such  that  F is  not  an  element  of  any  member  of  U.  This  contradicts  the 
fact  that  ZY  is  a cover  of  C/*,  and  completes  the  proof  of  our  claim. 

It  follows  that  for  some  e,  > 0,  there  is  a finite  collection  {Vj}"=i  of  the  F’s, 
with  diam{Vj)  < e,  for  each  j,  and  whose  union  contains  all  of  the  prime  ends  of  U. 
Let  V*  = U”=i(^}  U Bd{U).  Then  V*  forms  a neighborhood  of  Bd(U).  Therefore 
U — V*  is  a.  compact  subset,  X,  of  U,  so  some  (other)  finite  subcollection  of  W*  covers 
X.  Then  the  union  of  these  two  finite  subcollections  of  U*  is  a finite  subcollection 
covering  U*.  □ 


Theorem  A.S.2  Let  U be  ANY  domain  in  which  admits  a C -transformation,  (f>. 
Then  U has  a prime  end  structure  induced  by  <{). 
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Proof.  Let  <f>  : U be  a C-transformation  from  U onto  the  interior  of 

a compact  3-manifold,  and  let  e > 0.  By  Property  (3)  of  the  definition  of  C- 
transformation,  at  each  point  y of  Bd{M^),  there  is  a crosscap  Q'^  of  such 

that  (1)  diam(Qy)  < e,  (2)  = <f>{Qy),  where  diam{Qy)  < e and  (3)  Qy  belongs  to 

some  chain  of  crosscuts  representing  a prime  end  of  U.  Since  is  a manifold,  eind 
its  boundary  is  compact,  there  is  a finite  subset  of  these  crosscaps  such  that 

Bd(M^)  U U{^/}?=i  forms  a neighborhood  of  Bd{M^)  in  M^.  Then  the  collection 
{Qi}?=i  forms  the  required  finite  collection  in  U.  □ 

Corollary  A. 3.1  Let  (U,  <j>,  M^)  be  an  admissible  triple.  Then  U has  a prime  end 
structure  induced  by  <f>. 

Proof.  An  admissible  domain  admits  a (^-transformation,  by  definition.  □ 
(^-transformations  and  Uniform  Continuity 

In  Theorem  3.3  below,  we  show  that  a C-transformation  is  uniformly  continuous 
on  the  collection  of  crosscaps  of  U. 

The  reader  should  note  that,  in  general,  it  is  not  necessarily  uniformly  continuous 
on  all  of  U.  A simple  example  shows  why:  Let  the  domciin  U be  the  open  unit 
cube  in  minus  a two  dimensional  disk  with  a portion  of  its  boundary  in  the 
boundary  of  the  cube.  Then  U*  is  a 3-cell,  but  it  splits  apart  the  interior  of  the 
ciforementioned  disk  into  two  disjoint  open  disks.  Thus,  if  p is  a point  of  the  interior 
of  that  disk,  it  becomes  two  points  in  the  prime  end  compactification  of  U,  so  that 
a small  neighborhood  of  p in  the  original  space,  when  intersected  with  U,  becomes 
large  in  diameter  when  viewed  in  U*.  See  Figure  3.1  below. 

However,  we  also  obtain  a corollary  to  Theorem  3.3  showing  that  a C-transformation 
is  uniformly  continuous  on  all  of  its  domain,  when  that  domain  is  the  interior  of  a 
compact  3-manifold. 
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HGURE  A.3.1 


Lemma  A. 3.1  Let  X be  a nondegenerate  continuum  on  a compact  2-manifold  M. 
Suppose  that  {X  D Int(Di)}  is  a basis  of  open  sets  for  X,  where  each  D{  is  a disk  in 
M.  Then  there  exists  Dj,  such  that  Bd{Dj^)  contains  at  least  2 points  of  X. 

Proof.  Suppose  that,  for  every  Di,  X fl  Bd{Di)  is  empty  or  one  point.  For 
sufficiently  small  Di,  X H Bd{Di)  ^ 0 since  X is  connected.  So  now  we  suppose 
X n Bd{Di)  is  one  point.  Let  p,q  £ X and  let  Dj  be  a neighborhood  of  p,  with 
diam{Dj)  < ^d{p,q).  If  X D Bd{Dj)  — r,  then  r separates  p from  q.  Therefore 
each  pair  of  points  of  X is  separated  by  a third  point  of  X,  so  that  the  continuum 
X is  a dendrite  [Wh,  pg  88-89].  Thus  X contains  an  arc.  This  contradicts  the 
cissumption  that  for  every  D,-,  X D Bd(Di)  is  one  point,  since  a sufficiently  small 
bcisic  neighborhood  of  a point  of  the  arc  will  intersect  at  least  two  points.  □ 

Theorem  A.S.S  Let  (j>  : U —>  Int{M^)  be  a C -transformation.  Then  ft  is  uniformly 
continuous  on  the  collection  of  crosscaps  ofU. 

Proof.  Suppose  that  ft  is  not  uniformly  continuous  on  the  collection  of  crosscaps 
of  U.  Then  there  exists  e > 0 such  that  for  every  5 > 0,  there  exists  a crosscap  Qs  of 
diameter  less  them  6 with  diam(<f>(Qs))  > e.  In  particular,  for  this  e > 0,  there  exist 
a sequence  of  positive  numbers  with  Si  —t  0 and  a sequence  of  crosscaps  {(?,} 
with  diam{Qi)  < Si  and  such  that  diam{(j){Q i))  > e.  By  Whyburn  [Wh,  pg.ll],  there 
is  a convergent  subsequence  {Q,'}  of  {QJ  such  that  lim(Q/)  = m E Bd(U);  and 
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there  is  aJso  a subsequence  {Qi”}  of  {Q/}  such  that  {4>{Qi")}  converges  to  a limit 
continuum  in  (see  [Wh,  pg.  14]). 

Hence,  without  loss  of  generality,  we  may  assume  that  {Qi}  converges  to  a point 
m of  Bd{U)  and  that  converges  to  a limit  continuum  X in  Bd{M^),  with 

diam{X)  > e. 

For  each  x € Bd{M^)  and  each  a such  that  x 6 Int[{Cl{<l){Ua)))  D Bd{M^)], 
let  Ba{x)  denote  Int[{Cl{(f){Ua)))  C\  Bd(M^)].  Now  we  take  x E X and  Ba{x)  on 
Bd(M^)  such  that  X fl  Bd{Ba{x))  contains  at  least  two  points  p,  q.  We  Ccin  do 
this  by  Lemma  3.1  and  Condition  (3)  of  the  definition  of  C-transformation.  Let 
7 = di3t[p,q).  We  consider  two  sequences  {pi,P2c--}»  {9i>92>”*})  where  Pi,qi  E 
<f>{Qi)  such  that  Pi  —*  p,  qi  q.  Then  there  exists  an  integer  N such  that  for 
n > N,  dist{jpn,qn)  > Now  the  preimages  of  the  sequences  {pi},{?i}  converge 
to  the  same  point,  m E Bd{U).  Since  is  a manifold,  it  admits  a prime  end 
structure.  Thus,  let  Ri,...,Rk  be  a finite  collection  of  crosscaps  to  the  boundary 
of  Int{M^)  with  corresponding  continua  each  of  diameter  < and  such  that  the 
interiors  of  the  corresponding  boundary  compacta  form  an  open  cover  of  Bd{M^). 
Then  the  collection  forms  (together  with  Bd{U))  a neighborhood  of 

Bd{U).  It  follows  that  infinitely  many  members  of  the  collection  {Qi}  lie  in  one 
corresponding  domain,  say  the  corresponding  domain  of  Now  the  image  of 

this  corresponding  domain  has  diameter  < but  infinitely  many  pairs  of  points  of 
this  image  are  separated  by  a distance  of  at  least  This  contradiction  completes 
the  proof.  □ 

Corollary  A.S.2  The  map  <t>  of  the  interior  of  the  compact  S-manifold  onto  itself 
is  a C -transformation  iff  each  of  the  following  three  equivalent  conditions  hold: 

(1)  <j)  is  uniformly  continuous  on  the  collection  of  all  crosscuts  of  Int(M^), 

(2)  <f>  can  be  extended  to  a homeomorphism  <f>  of  onto  itself,  and 

(S)  (j>  is  uniformly  continuous  on  all  of  M^. 
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Proof.  (1)  This  is  a direct  corollary  of  Theorem  3.3. 

(2)  Let  X 6 Bd{M^),  aind  let  {(Ji}  be  a chain  of  crosscaps  with  lim  Qi  = x.  Define 

^(x)  = lim  Since  a C-transformation  takes  chains  of  crosscaps  to  chains  of 

crosscaps,  <f>  is  well  defined.  Now  let  {x^}  be  a sequence  in  Bd{M^)  such  that  x,-  — » x, 
and  let  {Qij}j  be  a chain  of  crosscaps  of  mesh  less  than  1/2*  which  converges  to  Xj. 
Since  determines  a basis  at  X{  on  Bd(M^),  and  {QJ  determines  a basis  at  x 

on  Bd{M^),  and  x^  — » x,  it  follows  that  (f>{xi)  4>{x).  Therefore  <f>  hcis  a (unique) 

extension  to  a homeomorphism  of  onto  itself. 

(3)  This  is  a corollary  of  (2)  above. 

Clearly,  (3)  implies  (1),  so  that  conditions  (1)  to  (3)  are  all  equivcilent.  Further, 
(2)  implies  that  ^ is  a C-transformation.  Thus,  all  axe  equivalent  to  the  statement 
that  ^ is  a (7-transformation.  □ 

Manifold  Compactifications 

It  is  clecir  that  the  boundary  points  of  a compact  manifold  with  nonempty 
boundciry  are  naturally  in  one-to-one  correspondence  with  the  prime  ends  of  the 
interior  of  that  manifold.  In  the  following,  we  first  show  that  there  is  a one-to-one 
correspondence  between  the  prime  ends  of  an  admissible  domain,  U,  eind  the  prime 
ends  of  the  interior  of  a compact  3-manifold,  M^,  with  nonempty  boundciry.  Our 
main  theorem  (3.5)  of  this  part  then  follows  easily.  Thus,  for  admissible  domains, 
the  prime  end  compactification  of  U is  indeed  a manifold  compactification,  and  we 
Ccin  think  of  the  (7-transformation  as  a “compactification  map”. 

Theorem  A.S.4  Let  <f>  be  a C-transformation,  f>  :U  Int(M^).  Then  <f>  determines 
a one  to  one  correspondence  between  the  prime  ends  of  the  domain  U and  the  prime 
ends  of  Int{M^). 

Proof.  Let  E he  & prime  end  of  U.  Then  <f>{E)  is  a prime  end  of  Int  (Af^),  by  the 
definition  of  C-transformation.  We  suppose  that  E^  and  Ey  are  prime  ends  of  U with 
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<f>{Ex)  = <f>{Ey)  and  we  take  chains  of  cross  caps  and  as  representatives 

of  <l>{Ex),  (f>{Ey),  respectively.  Let  E^^  = 4>{Ex,i)  and  Ey  ^ — ^{Ey^i),  so  that  {£?*>} 
and  {Ey,i}  are  representatives  of  Ex  and  Ey  respectively.  Now  we  construct  a new 
ch£iin  of  crosscaps  of  by  forming  £in  alternating  sequence  from  the  chains 

and 


•f  R'  . E'  ■ E'  ■ E'  \ 

\^x,n ) -^v.u  > ^x,t3  > ^v.ta  > •••/ 


which  is  equivalent  to  each  of  and  Then 


{Ex,ii ) ■2'v.ti  ) ^X,ia  ) -^V.»2  ) •••} 


forms  a chcun  of  cross  caps  of  [/  and  is  clearly  equivalent  to  each  of  and  {Ey^i}. 

Thus,  Ex  = Ey  and  <f>  is  one-to-one. 

To  show  that  this  correspondence  is  onto,  let  F be  a prime  end  of  Int{M^)  and 
let  p be  the  principal  point  of  F.  We  take  Bi{p).  By  Theorem  3.3,  there  exists 
such  that  if  Q is  a crosscap  of  U with  diam(Q)  < Si,  then  diam{<f>{Q))  < 1/2.  We 
notice  that  the  set  of  images  of  all  crosscaps  with  diameter  less  them  6i,  determines  a 
basis  for  Bd(M^)  in  the  sense  of  Condition  (3)  of  the  definition  of  C-transformation. 
Therefore  we  can  find  Qi  such  that: 

(i)  the  “small”  complementary  domain  of  (f>{Qi)  is  contained  in  Bi(p),  amd 

(ii)  Int[Cl{<f>{Ui))  n Bd{M^)]  is  a neighborhood  of  p. 

Now  we  take  so  that  ^^(p)  C Int{Cl{(f>{Ui))).  Let  ej  = rm’n(l/4,  e^)  emd 
consider  Bca{p).  Again  by  Theorem  3.3,  given  £2/2,  there  exists  62  such  that  if 
Q is  a crosscap  of  U with  diam{Q)  < S'2,  then  diam{<j>{Q))  < C2/2.  Let  82  = 
min  {^2,  ^1, 1/4}.  As  above,  we  notice  that  the  set  of  images  of  all  crosscaps  with 
diameter  less  than  82,  determines  a basis  for  Bd(M^)  in  the  sense  of  Condition  (3) 
of  the  definition  of  C-transformation.  Therefore  we  can  find  Q2  such  that: 

(i)  the  “small”  complementary  domain  of  <f>{Q2)  is  contained  in  Bej(p),  and 

(ii)  Int[Cl{<f>{U2))  n Bd{M^)]  is  a neighborhood  of  p. 
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Continuing  inductively,  we  get  a chain  of  crosscaps  {(?i}  such  that  {^(Qi)} 
equivalent  to  F.  It  follows  that  <f>  is  onto.  □ 

Theorem  A.S.5  Let  U be  an  admissible  domain.  Then  U*  is  homeomorphic  to  a 
compact  S-manifold-with-nonempty-boundary,  , in  such  a way  that  U is  identified 
with  Int{M^)  and  the  prime  ends  ofU  are  identified  with  Bd(M^).  Thus,  the  prime 
end  compactification  of  U is  a manifold  compactification. 

Proof.  Since  U is  admissible,  there  exists  a C-transformation,  <f>,  taking  U onto 
the  interior  of  some  compact  3-manifold,  M^.  <f  is  one-to-one  on  U by  definition,  and 
by  Theorem  3.4,  <f>  determines  a one-to-one  correspondence  between  the  prime  ends 
of  the  respective  domains.  We  need  only  show  that  <f>  is  continuous  at  the  prime  ends 
oft/. 

Let  W be  a neighborhood  of  some  prime  end  of  (that  is,  of  some  point  p 
in  Bd{M^)).  By  Property  (3)  of  the  definition  of  C-transformation,  there  exists  a 
crosscap  Qa  of  U,  with  corresponding  domaiin  Ua,  such  that  (j>{Qa  U Ua)  C W.  By 
the  definition  of  the  topology  of  U*,  Ua  plus  the  prime  ends  of  [/„  forms  an  open  set 
of  U*,  and  since  <f>  takes  this  set  into  W,  <f>  is  continuous  on  U*. 

Thus,  the  C-transformation  <f>  induces  a homeomorphism  between  U*  £ind  all  of 
M^.  That  is,  our  prime  end  compactification  of  the  admissible  domciin  C/  is  a manifold 
compactification.  □ 

The  Induced  Homeomorphism  Theorem 

In  our  view,  this  is  the  most  important  theorem  of  our  three  dimensional  prime 
end  theory,  since  it  is  this  theorem  which  gives  rise  to  our  present  and  anticipated 
applications. 


Theorem  A.S.6  Let  (t/,  Af^)  be  an  admissible  triple  (that  is,  U is  an  admissible 
domain  and  <f>  is  its  associated  map  to  M^).  If  h is  a homeomorphism  of  Cl{U^ 
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onto  itself  then  the  induced  homeomorphism,  <f)h(f>  of  Int{M^)  onto  itself  can  be 
extended  to  a homeomorphism  <f>h<f>~^  of  all  of  onto  itself. 

Proof.  First  we  show  that  for  a prime  end  E of  Int[M^),  <f>h^~^(E)  is  eilso  a prime 
end  of  Int(M^).  Let  E he  a.  prime  end  in  Int(M^)  and  let  {^i}  be  a representative 
chain  of  crosscaps  of  E.  Then  there  exists  a chain  of  crosscaps  {D^}  in  U such  that 
{<l>{Di)}  is  equivcilent  to  {Ei},  by  the  definition  of  C-transformation  emd  Theorem 
3.3.  Then,  even  though  {(f>~^{Ei)}  may  not  be  a chain  of  crosscaps  in  U (that  is,  their 
diameters  may  not  tend  to  0),  is  equivalent  to  {^“^(£1^)}  in  the  sense  that  there 
are  subsequences  of  the  crosscaps  which  alternate.  Since  h is  uniformly  continuous, 
{h{Di)}  is  also  a chain  of  cross  caps  of  U;  and  {<f>h{Di)}  is  a chain  of  cross  caps 
in  Int(M^)  since  ^ is  a (7-map.  But  then  {<f>h(Di)}  is  equivalent  to  {(f>h{<j>~^{Ei))} 
which  is  the  same  as  {(f>h<l)~^{Ei)}.  Since  {h(Di)}  is  a chain  of  crosscaps  of  U, 
{<f>{h{Di))}  is  a chain  of  crosscaps  of  Int{M^).  Now  smcdl  crosscaps  of  a manifold  cut 
off  small  corresponding  domains  on  that  m2inifold.  Thus,  since  {<j>h{Di)}  is  equivcilent 
to  {(f)h<l>~^[Ei)},  the  latter  sequence  has  diameters  tending  to  0,  so  that  it  forms  a 
chain  of  crosscaps  of  Int[M^).  Thus,  <f>h(f>~^{E)  is  a prime  end  of  Int(M^). 

We  notice  that  the  inverse  of  <j>h<f)~^ , namely  <f>h~^(t)~^,  behaves  in  the  same  way. 
Therefore  <f>h(f>~^  acts  in  a one  to  one  and  onto  manner,  taking  prime  ends  to  prime 
ends.  But  the  prime  ends  of  M correspond  precisely  to  the  points  of  Bd{M). 

To  show  that  (f>h(j)~^  is  extendable  to  a continuous  function,  let  x € Bd(M^)  and 
{Ei}  be  a chain  of  crosscaps  with  limEi  = x.  Define  (j)h<f>~^{x)  = lim{<f>h<l>~^{Ei)). 
Then  (fhf>~^  is  well  defined,  since  for  a prime  end  E of  Int(M^),  (j>h(f>~^{E)  is  also  a 
prime  end  of  Int(M^),  and  each  chain  of  crosscaps  representing  a prime  end  of 
converges  to  a point  of  Bd{M^).  Now  if  {li}  is  a sequence  in  Bd{M^)  such  that 
Xi  —*  X,  then  Property  (3)  of  the  definition  of  a (7-transformation  guarantees  that 
<i>h(f>~^{xi)  — » <f>h(f>~^[x).  It  follows  that  <f>h<f>~^  can  be  extended  to  the  homeomor- 


phism <l>h(l>~^  of  onto  itself.  □ 
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A. 3. 3 Bubble  Domains. 

In  this  part,  we  establish  the  existence  of  a nontrivial,  interesting  class  of 
admissible  domains.  We  define,  and  give  examples  of,  the  “bubble  domains”,  and  we 
prove  that  these  domains  eire  admissible. 

A bubble  domain  in  is  a bounded,  connected,  1 — ULC  open  subset  U, 
which  is  homeomorphic  to  the  interior  of  some  compact  3-manifold,  M^,  and  whose 
boundeiry  contciins  a dense  subset  S,  such  that  the  following  conditions  are  satisfied: 

1.  There  is  a monotone  map  / ; Cl(U)  — » M^,  such  that 

(1)  /|17  is  a homeomorphism  onto  Int  (M^),  where  is  a compact  3-manifold 
with  nonempty  boundary  in  E^,  and 

(2)  for  each  x € 5,  f~^f(x)  = x. 

2.  Bd{M^)  admits  a decreasing  sequence  of  triangulations  {T^},  with  mesh  (T^)  —* 
0,  such  that 

(1)  the  one-skeleton  of  Ti  lies  in  f(S),  and 

(2)  the  boundary  of  each  two-simplex  of  Ti  in  Bd(M^)  heis  inverse  of  diameter 
less  than  We  call  /“^(1-skeleton  of  Ti)  a 1-dimensional  e-triangulation  of 
Bd{U),  if  i < e. 

3.  S is  collared  into  U ; that  is,  there  is  a homeomorphism  y : 5 x [0, 1)  — » 1/  such 
that 

(1)  g{s,  0)  = s,  for  all  s G 5,  and 

(2)  g{s,  t)  6 U,  whenever  t > 0. 

In  this  situation,  U is  called  a bubble  domain  and  — U is  Ccilled  a bubble 
continuum.  The  triple  (U,f,M^)  is  called  a bubble  triple.  (We  use  the  word 
“bubble”  because  the  crosscaps  to  the  boundary  look  like  bubbles  on  the  boundary.) 

Two  interesting  examples  are  the  “bowling  ball”  and  “bowling  glove”  examples 
(Figure  3.2),  which  were  constructed  by  John  Mayer.  Note  that  the  bowling  belli  is 
not  an  admissible  space  since  it  is  not  1-ULC. 
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HGURE  A.3.2 


These  are  bcisically  three  dimensional  versions  of  the  Warsaw  circle,  again  with 
a limit  segment.  The  bowling  ball  (with  infinitely  many  fingers)  is  a bubble  contin- 
uum, since  its  complement  is  a bubble  domain.  However,  the  interior  of  the  bowling 
ball  is  not  a bubble  domain  (so  its  complement,  the  bowling  glove,  is  not  a bubble 
continuum). 

We  note  that  the  interior  of  the  bowling  ball  is  not  1 — ULC,  and  that  there 
cannot  be  a C-transformation  from  the  interior  of  the  bowling  ball  onto  the  interior 
of  B^.  This  is  because  any  sequence  of  cross  caps  in  the  interior  of  the  bowling  ball 
cind  around  the  limit  segment  is  necessarily  of  large  diameter.  But  such  a sequence 
which  converges  to  the  limit  segment  would  have  to  map  to  a chain  of  crosscaps  of 
Int(M^)  under  any  (7-map. 

We  construct  below  a number  of  other  exotic  examples  (Figure  3.3).  Thus,  we  see 
that  even  the  very  restrictive  definition  of  bubble  domain  gives  rise  to  mciny  examples 
to  which  our  theory  applies. 

Before  proving  that  a bubble  triple  is  an  admissible  triple,  we  will  briefly  review 
Dehn’s  Lemma  which  will  play  an  important  role  in  our  three  dimensional  prime  end 
theory. 

In  1910,  Max  Dehn  [De]  first  presented  the  lemma  with  a “proof”;  however,  in 
1929  in  [Kn],  H.  Kneser  discovered  a serious  gap  in  the  proof  gived  by  Dehn. 
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Spiral 


Double  Spiral 


FIGURE  A.3.3 


The  following  is  the  statement  of  Dehn’s  Lemma,  as  given  by  Bing  [Bi2,  pg  198]: 
Dehn’s  Lemma:  IjD  is  a PL  singular  disk  in  a PL  S-manifold-without-houndary 
such  that  S{D)  H Bd[D)  = 0,  then  there  exists  a nonsingular  PL  disk,  Dq,  such 
that  Do  C and  Bd{Do)  = Bd{D). 

In  1957,  C.  D.  PapaJsyriaikopoulos  [Pa]  proved  the  lemma.  Since  PapadcyriaJropou- 
los’  proof  of  the  lemma,  there  have  been  severed  generedizations  eind  simplifications, 
including  papers  by  A.  Shapiro  and  J.  H.  C.  Whitehead  [S-H]  ajid  D.W.  Henderson 
[He). 

In  1988,  there  was  a remarkable  improvement  of  Dehn’s  Lemma  by  D.  Repovs 
[Re].  In  his  paper,  he  extended  the  classical  Dehn’s  Lemma  to  a topologiccd  version. 
He  only  required  the  map  to  be  continuous  and  therefore  Dehn’s  disk  is  a continuous 
Dehn’s  disk.  That  is,  a continuous  map  / : of  a two  dimensional  disk, 

into  a 3-manifold-without-boundary,  M^,  is  a Dehn  disk  iff  Sf  D Bd[D^)  = 0,  where 
Sf  = Cl{x  E D^\f~^f(x)  ^ i}  is  the  singular  set  of  /. 

Topological  Dehn’s  Lemma:  Suppose  f : is  a Dehn  disk  in  a S- 

manifold  with  boundary  M^.  Then,  for  every  neighborhood  U C of  f{Sf),  there 
is  an  embedding  F : D^  —*  such  that  F\Bd(D^)  = f\Bd(D^)  and  F{D^)  — U = 

f{D^)  - U. 
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Lemma  A.S.2  Let  M be  a compact  2-manifold  without  boundary.  Then  there  exists 
e > 0 such  that  if  T is  a triangulation  of  M with  mesh  of  each  simplex  less  than  e, 
then  Cl{st(y,T))  is  a 2-cell  for  all  v € T.O 

Lemma  A.S.S  Let  be  an  orientable  S-manifold,  and  let  Bd(M^),  T , and  e satisfy 
the  hypotheses  of  Lemma  3.2  above.  Since  there  are  only  a finite  number  of  vertices 
V in  T,  the  collection  {Bd{Cl{st{v,T)))}y^KO  forms  a finite  number  of  simple  closed 
curves,  say  {Ci},  whose  interiors  form  a finite  open  cover  of  Bd[M^).  Let  Qi  be 
a crosscap  to  Bd{M^)  in  Int{U),  such  that  Bd(Qi)  = Ci.  Then  the  union  of  the 
corresponding  domains  of  {Qi}  plus  Bd{M^)  forms  a neighborhood  of  Bd(M^)  in 
M^.  □ 

In  the  next  two  theorems,  we  prove  that  a bubble  domain  is  admissible,  by  showing 
that  it  admits  a C-transformation. 

Theorem  A. 3.1  If  {U,  f,M^)  is  a bubble  triple,  then  f induces  a prime  end  structure 
on  U . 


Proof.  The  proof  uses  ideas  from  Bing  [Bil],  and  the  Topological  Dehn’s  Lemma 

[N- 

We  notice  that  Int(M^)  has  the  prime  end  structure  induced  by  the  tricingulations 
{Ti}  of  Bd{M^)  from  the  definition  of  bubble  pair.  Let  K]  be  the  1-skeleton  of  the 
triangulation  T,-  so  that  K}  C f{S),  by  the  definition  of  bubble  domain.  Then 


Let  {ei}  be  a sequence  of  positive  numbers  such  that  » 0.  Given  Cj,  there 
exists  Si  such  that  every  closed  path  in  a ^^-subset  of  U can  be  shrunk  to  a point 
in  an  e^-subset  of  U,  since  C/  is  1 — ULC.  For  e^,  let  Tj^  be  the  first  member  of  the 
collection  {Ti}  such  that  ji  > ji_i  (if  z > 1)  and  the  diameter  of  the  inverse  image  of 
the  boundary  of  the  star  of  each  v G Tj-  is  less  than  Si.  We  notice  that  the  closed  star 
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of  u € Tji  is  2-cell  by  Lemma  3.2,  so  it  has  a simple  closed  curve  boundary,  say 
Further,  Bd(M^)  is  orientable  [Mo,  pg.170],  so  that  it  is  a sphere  with  n handles. 

Since  S can  be  collared  into  U we  can  pull  into  U along  the  collcir,  by 

a very  small  move.  Let  g be  the  homeomorphism  giving  the  collcir.  Then  the  simple 
closed  curve  g[f~^{dAi^y)  x 1/2]  can  be  shrunk  to  a point  in  an  e^-subset  of  U. 

Without  loss  of  generality,  we  may  assume  that  the  singular  disk  obtained  by 
shrinking  the  simple  closed  curve  g[f~^(dAi^y)  x 1/2]  to  a point,  has  no  singular  points 
on  its  boundary.  In  fact,  suppose  that  there  are  singular  points  on  the  boundEU'y.  We 
notice  that  the  singular  disk  D[  ^,  which  is  produced  by  the  definition  of  1 — ULC,  is 
entirely  in  U.  Therefore  the  distance  between  /“^(5Ai_„)  and  the  singula  disk  „ 
is  nonzero,  and  there  is  an  annulus  between  them  in  U.  We  tack  onto  „ the  collar 
beginning  at  g[f~^(dAi^y)  x 1/4],  which  is  a simple  closed  curve  lying  in  this  annulus. 
Then  the  new  singulcir  disk 

sl/-‘(aA,>)x  [1/4, 1/2)1  UD',, 

hcis  no  singular  points  on  its  boundary.  Consequently  we  can  consider  the  singular 
disk  „ as  having  no  singular  points  on  its  boundary. 

Hence,  from  the  Topological  Dehn’s  Lemma  [Re],  for  every  (small)  neighborhood 
W of  the  singular  set  of  there  exists  a reail  topological  disk  Di^y  in  W, 

such  that  Di^y  differs  from  (setwise),  only  inside  W.  Thus,  we  may  assume 
that  diam{Di^y)  < 2ei,  and  that  the  collection  {g[f~^dAi^y)  x [0,1/2)]  U A,v}v€if?  > 
is  a collection  of  crosscaps  to  the  boundary  of  U of  diameter  < 3ej,  induced  by 
the  triangulation  Tj^.  Let  us  call  this  collection  . Then  the  collection 

3i 

{f{Qi,v)}v€K^.  ^ finite  collection  of  crosscaps  to  Bd(M^),  obtained  from  the  stars 

of  the  vertices  of  So  the  union  of  their  corresponding  domains  eind  Bd(M^)  forms 
a neighborhood  of  Bd{M^)  in  M^,  by  Lemma  3.3.  It  follows  that  the  union  of  the 
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corresponding  domains  of  the  crosscaps  in  the  collection  {Qt,v}ueif?  plus  Bd(U)  is  a 
neighborhood  of  Bd[U)  in  Cl{U). 

Since  can  be  chosen  to  be  arbitrarily  small,  the  conditions  of  Definition  (7)  are 
satisfied.  Consequently,  we  have  a prime  end  structure  on  U induced  by  /.  □ 

Theorem  A.S.8  If{U,  /,  M^)  is  a bubble  triple,  then  the  map  f is  a C -transformation. 

Proof.  We  first  show  that  the  image  of  a crosscap  is  a crosscap.  Since  the  map 
/ is  monotone  on  Cl{U)  and  the  closure  of  a crosscap  is  a disk,  it  follows  that,  for 
every  crosscap  Q,  Bd{f{Q))  is  a simple  closed  curve  or  a single  point.  It  suffices 
to  show  that  it  cannot  be  degenerate.  To  this  end,  suppose  that  Q is  a crosscap 
of  U,  with  corresponding  domain  W,  and  such  that  Bd{f{Q))  is  degenerate.  Then 
any  sufficiently  small  crosscap  to  the  boundeiry  of  U,  lying  in  W,  maps  to  an  open 
disk  with  degenerate  boundary  (tangent  to  Bd{M^)).  But,  since  U has  a prime  end 
structure  induced  by  / (Theorem  3.7),  we  can  find  a crosscap  Q*  d W such  that 
f{Q*)  is  a (small)  crosscap  of  Int{M^)  with  Bd{f{Q*))  being  the  boundary  of  a 
two-simplex  of  Ti,  for  some  i.  This  contradicts  our  assumption  that  Bd{f{Q))  is 
degenerate.  It  follows  that  f{Q)  is  a crosscap,  for  every  crosscap  Q in  U. 

We  next  show  that  / maps  Cl{Q)  homeomorphically  onto  Cl{f{Q)).  Suppose 
that  / has  singular  points  on  Bd{Q)  for  some  Q in  U,  and  let  p G Bd{f{Q))  such 
that  f~^{p)  is  nondegenerate,  necessarily  an  arc.  Let  S be  the  dense  set  of  the 
definition  of  bubble  domain.  Then  p ^ f{S)  since  each  point  of  5 is  an  inverse  set. 
Thus,  we  can  take  a chain  of  crosscaps  {iZi},  where  Bd(Ri)  is  the  bound£iry  of  the 
star  of  a vertex  from  the  triangulation  {7^}  in  the  definition  of  bubble  domciin,  and 
p lies  in  the  interior  of  each  associated  two  cell  on  Bd{M^).  We  also  notice  that 
f~^{p)  is  an  circ  [a,  6],  since  / is  a monotone  map.  Since  Bd{Ri)  D Bd(f(Q))  has 
two  points  ai,  b{  for  sufficiently  large  i,  we  consider  the  two  sequences  {a^}  cind  {6^} 
which  approach  p.  Then  the  two  sequences  {/"^(oi)},  {/“^(fc,)}  lie  on  Bd{Q)  and 


62 


approach  the  opposite  endpoints  of  the  arc  respectively.  Thus,  the  points 

and  are  separated  by  some  fixed  positive  number  a.  This  contradicts 

the  fact  that  forms  a 1-dimensional  Ci-triangulation,  where  {e^}  tends  to  0, 

which  fact  comes  from  the  definition  of  bubble  domain.  This  contradiction  shows 
that  / maps  Cl{Q)  homeomorphically  onto  Cl{f{Q)),  and  proves  Condition  (2)  of 
the  definition  of  C-transformation. 

We  now  show  that,  for  every  chain  of  crosscaps  {Qi},  {/(Qi)}  chadn  of 
crosscaps  in  M^.  Since  / is  uniformly  continuous  on  Cl{U),  it  suffices  to  show 
that  Bd(f(Qi))  D Bd{f(Qi+i))  = 0.  Suppose  that  there  exists  a chciin  of  crosscaps 
{Q*}  such  that,  for  some  i,  Bd{f{Q*))  fl  Bd(f{Q*^-^))  ^ 0.  Let  p 6 Bd{f{Q*))  fl 
Sd(/(Q*_j.i))  and  consider  /~^(p).  Then  f~^{p)  contains  the  points  and  Cj+i  in  Q* 
and  respectively,  as  well  as  a continuum  containing  both  these  points,  since  / is 
monotone.  We  again  take  a chain  of  crosscaps  {Ri}  from  the  definition  of  bubble  do- 
main, such  that  the  prime  end  induced  by  {i?,}  hcis  p as  its  principal  point,  as  in  the 
above  paragraph.  Let  Oij  and  Ci+i^j  be  points  in  Bd{f{Q*)C\Rj  and  Bd(f{Q*_^_■^)^\Rj 
respectively,  for  j = 1,2,....  Then  and  {/~^(ai+i,i)}  converge  to  emd 

Ci+i,  respectively,  which  are  a positive  distance  apart.  Therefore  we  have  a contra- 
diction similar  to  that  in  the  above  paragraph.  This  completes  the  proof  of  Condition 
(1)  of  the  definition  of  C— transformation. 

Since  the  collection  {/'^(Ti)}  is  a collection  of  1-dimensional  e^-triangulations 
of  Bd{U),  the  set  of  images  of  small  crosscaps  and  their  complement ziry  domains 
which  are  induced  by  / and  {Ti},  clearly  satisfies  Condition  (3)  of  the  definition  of 
C— transformation.  This  completes  the  proof  of  Theorem  3.8.  □ 

Corollary  A.S.S  (Induced  Homeomorphism  Theorem  for  Bubble  Domains)  Let  {U,  /,  M^) 
be  a bubble  triple  (that  is,  U is  a bubble  domain  and  f is  its  associated  homeomor- 
phism onto  the  interior  of  the  compact  S-manifold-with-nonempty-boundary,  M^).  If 
h is  a homeomorphism  of  Cl(U)  onto  itself,  then  the  induced  homeomorphism,  fhf~^. 
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of  Int(M^)  onto  itself  can  be  extended  to  a homeomorphism  fhf  ^ of  onto  itself. 

a 


Proof.  By  the  definition  of  bubble  triple,  C/  is  an  admissible  domain  and  by  The- 
orem 3.8,  / is  a C-transformation  of  U onto  the  interior  of  the  compact  3-majiifold, 
M^.  Thus,  by  Theorem  3.6,  the  Induced  Homeomorphism  holds.  □ 

A.4  The  Hilbert-Smith  Conjecture 

The  following,  known  as  the  generalized  Hilbert-Smith  Conjecture,  is  the 
classic  unsolved  problem  of  topological  transformation  groups: 

Hilbert-Smith  Conjecture  : If  G is  a compact  group  acting  effectively  on  a 
manifold,  then  G is  a Lie  group. 

It  is  well  known  that  this  conjecture  is  equivalent  to  each  of  the  following: 

I.  A p-adic  group  cannot  act  effectively  on  a manifold,  and 

II.  A compact  0-dimensional  infinite  group  cannot  act  effectively  on  a manifold. 
The  equivalence  follows  immediately  from  the  following  proposition,  which  wa^  stated 
by  Fraink  Raymond  in  [Rl]  as  being  a consequence  of  the  structure  theorems  for 
abelian  groups. 

Proposition  A.^.l  If  G is  a compact  non-Lie  group  acting  effectively  on  a manifold, 
then  G contains  a p-adic  group,  for  some  prime  p. 

A proof  of  Proposition  4.1  is  not  trivial  and,  as  fax  as  the  authors  know,  heis  never 
appeared  in  the  literature.  Thus,  in  [L2],  Lee  provides  a complete  proof. 

In  this  section,  we  will  discuss  the  relationship  between  the  Hilbert-Smith  conjec- 
ture cind  three  dimensional  prime  end  theory.  In  fact,  we  apply  our  three  dimensional 
prime  end  theory  to  obtain  some  results  about  a hypothesized  p-adic  action  on  or 
S^.  Our  main  results  say  that  if  there  exists  a p-adic  action  with  an  invariant  bubble 
domain,  then  there  exists  a p-adic  action  with  nonempty  open  set  in  its  fixed  point 
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set  eind  with  compact  support.  Thus  there  would  exist  p-adic  actions  supported  on 
arbitrarily  small  open  sets. 

Before  proceeding,  we  wish  to  acknowledge  receipt  of  a recent  preprint  from  Louis 
McAuley  [Me],  asserting  a proof  of  the  H-S  conjecture  in  full  generality.  We  have 
not  verified  the  results  of  [Me],  but  we  note  that  his  preprint  contaiins  an  excellent 
history  of  the  problem,  as  well  as  a lengthy  bibliography  for  the  interested  scholar. 

A. 4.1  Some  Additioncil  Equivalences 

J.S.  Lee  has  obtained  several  additional  theorems  related  to  the  Hilbert-Smith 
Conjecture.  In  [LI],  he  proved  that  regularly  almost  periodic  is  equivalent  to  necirly 
periodic  for  homeomorphisms  on  compact  metric  spaces  and  gave  an  example  to 
show  that  the  above  is  false  without  the  compactness  assumption.  He  also  proved 
that  each  of  the  following  statements  is  equivalent  to  the  Hilbert-Smith  conjecture 
on  a compact  3-manifold,  M^. 

1.  If  h is  almost  periodic  on  , with  h=identity  on  dM^ , then  h=identity  on 

M^. 

2.  Ifh  is  regularly  almost  periodic  on  M^,  with  h=identity  on  dM^,  then  h=identity 
on  M^. 

3.  If  h is  regularly  almost  periodic  on  , then  h is  periodic  on  M^. 

4-  If  h is  nearly  periodic  on  , then  h is  periodic  on  . 

5.  (Newman’s  property  on  regularly  almost  periodic  homeomorphisms).  Let  h 
be  a regularly  almost  periodic  homeomorphism  of  onto  itself.  Then  there 
exists  e > 0 such  that  every  h*  action  on  , with  d(x,  h*^(x))  < e for  i 6 
X e , is  trivial. 
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A. 4.2  Invariant  Open  Sets 

In  this  section,  we  use  Bing’s  concepts  of  Property  S and  e-sequential  growth  to 
construct  a locally  connected,  invariant  domain  for  a nontrivial  compact  subgroup  of 
an  arbitrary  p-adic  action  on  or  E^.  The  reader  should  consult  [H-S]  for  a detciiled 
discussion  of  Property  S and  e-sequentiaJ  growth,  and  proofs  of  their  properties. 
Before  beginning,  however,  we  briefly  review  the  definitions  and  properties  we  use. 

Property  S.  Let  K he  a,  subset  of  a metric  space  X.  Then  K is  said  to  have 
property  5 iff,  for  any  e > 0,  K can  be  expressed  eis  the  union  of  a finite  number  of 
connected  sets,  each  of  diameter  less  than  e. 

e-growth.  Let  H,  K be  subsets  of  a metric  space  X,  amd  e > 0.  Then  H is  said 
to  e-grow  into  K (or  K is  said  to  be  an  e-growth  of  H)  iff, 

(i)  X G if  implies  that  there  exists  a connected  subset  M of  X,  such  that 
X € M,  M n H ^ ill,  and  diam{M)  < e. 

(ii)  There  exists  a > 0 such  that,  if  M is  ainy  connected  subset  of  X satisfying 
diam{M)  < a and  M PI  ^ 0,  then  M C K. 

e-sequential  growth.  Let  H,  K be  subsets  of  a metric  space  X,  and  e > 0. 
Then  K is  said  to  be  am  e-sequential  growth  of  H (or  H is  said  to  grow  e-sequentiadly 
into  K)  iff,  there  is  a sequence  of  positive  numbers  {e^}  and  a sequence  of  subsets 
{Hi}  of  X such  that 

(i)  Hi  is  an  ei-growth  of  H,  and  Hj+i  is  an  ej^-i-growth  of  Hj,  for  j E N. 

(ii)  K = U.gArifj. 

(iii)  Ei€N  < e. 

Proposition  A. 4-2  [H-S,  pg.  212].  Let  K be  a subset  of  a metric  space  X.  If  K has 
property  S , then  K is  locally  connected.  If  K is  compact,  then  the  converse  is  also 


true.  □ 
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Proposition  A.I.S  [H-S,  pg.  215].  If  K is  a subset  of  a metric  space  X and  K has 
property  S,  then  K has  property  S.  Thus,  if  K has  property  S,  then  K is  locally 
connected.  □ 

Proposition  A. 4-4  [US,  pg.  216].  Let  X be  a metric  space  with  property  S,  H and  K 
subsets  of  X,  and  e > 0.  If  K is  an  e-sequential  growth  of  H,  then  K has  property  S 
and  is  open  in  X.  □ 

We  now  prove  the  main  theorem  of  this  section.  Origineilly,  the  proof  comes  from 
Brechner  [Bl,3]. 

Theorem  A.4-1  Let  Ap  be  a p-adic  group  acting  on  or  S^.  Then,  for  each  rj  > 0, 
there  exist  both  a compact  0-dimensional  subgroup,  H,  and  a locally  connected  domain 
with  compact,  locally  connected  closure,  E* , such  that  E*  is  fully  invariant  under  H. 

Proof.  Let  g be  the  generator  of  the  p-adic  group  Ap  in  the  sense  of  P.  A.  Smith 
[S3].  Since  g is  nearly  periodic,  g is  regularly  almost  periodic  by  [L2|.  Let  r]  > 0. 
Then  there  exists  5 > 0 such  that  diam(g'^ (6-set))  < rjf 3 for  n € W,  since  the  set 
of  powers  of  g is  equicontinuous.  Moreover,  for  this  5 > 0,  there  exists  the  positive 
integer,  ns,  such  that  g'^‘*(x)  6 Bs(x)  for  every  i G Z and  x 6 X,  since  g is  regulcirly 
almost  periodic.  Fix  Xq  € E^,  and  let  Di  = Ui^z  Then  Di  is  invciriaint 

under  g^‘  and  diam(Di)  < rj. 

Now  we  take  e > 0 and  a decreasing  sequence  of  positive  numbers  {e^}  such  that 
< e < 7y/2.  Given  ei,  there  exists  Si  such  that  diam(g''‘*(6i-set))  < ^ for  every 
i e Z.  We  consider  the  open  cover  C/1,2,  C/i,*,}  of  ^ with  mesh  less  than  Si. 

Then  diam{g^‘\Uij))  < for  j = 1, ...,  A:i.  Let 

Then  D2  is  invariant  under  g'^‘.  We  show  that  D2  is  an  ei-growth  of  Di.  We  prove 
parts  (i)  and  (ii)  of  the  definition  of  e-growth. 
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Proof  of  (i).  Let  x E D2  — Di.  Then  there  exists  k such  that  x £ 
for  some  j.  But  is  connected,  meets  Di,  and  has  diameter  less  than  Ci.  So 

(i)  holds. 

Proof  of  (ii).  Di  and  — D2  are  disjoint  compact  subsets  of  and  thus 
a positive  distance  apart,  say  2a2.  Then,  the  aj  neighborhood  of  and  therefore 
the  02  neighborhood  of  Di,  is  a subset  of  of  D2. 

It  is  clear  that  we  may  continue  the  process  inductively,  obtciining  at  the  ith 
stage,  a connected  open  set  Di  which  is  an  e,_i-growth  of  A-i-  Let  E*  = 

Then  by  Proposition  4.4,  E*  is  open,  has  property  S,  and  has  diameter  less  than 
2e  < rj.  Thus  E*  is  a locally  connected  continuum  by  Proposition  4.3.  Further  E*  is 
invariant  under  , so  it  is  invariant  under  the  action  of  the  compact  0-dimensional 
group  which  is  generated  by  in  the  sense  of  P.  A.  Smith  [S3].  □ 

A. 4. 3 Induced  Actions  on  Manifolds 

Lemma  A. 4-1  Let  U be  a bubble  domain  and  let  g be  a nearly  periodic  transformation 
acting  on  Cl{U).  Then  the  induced  homeomorphism,  fgf~^ , is  a nearly  periodic 
transformation  acting  on  Int(M^). 

Proof.  Let  {7/,}  be  a complete  system  which  is  invarizuit  and  such  that  the  mesh 
hcis  limit  0.  For  each  z,  we  consider 

Then  = f{Uij)  for  j = where  n*  is  the 

period  of  l/i.  So  f(Ui)  forms  an  invariant  open  cover  of  Int(M^),  and  the  sequence 
{mesh{f{l{i))}  has  limit  0,  since  the  ^-transformation  / is  the  restriction  of  the 
uniformly  continuous  map  / : Cl{U)  -*  M^.  It  follows  that  fgf~^  is  neaxly  periodic 
on  Int(M^).  □ 

Lemma  A. 4 -2  Let  g be  a nearly  periodic  transformation  acting  on  Int{M^).  If  g can 
be  extended  to  a homeomorphism  g of  onto  itself  then  ~g  is  nearly  periodic. 
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Proof.  Recall  that,  since  g is  nearly  periodic  on  Int{M^),  it  is  regularly  almost 
periodic  on  By  [L2],  regularly  almost  periodic  and  nearly  periodic  are 

equivalent  on  compact  spaces.  Thus,  it  is  sufficient  to  show  that  g is  regularly  almost 
periodic  on  all  of  M^. 

To  this  end,  let  e > 0.  We  must  find  an  integer  n,  > 0 such  that  di5t(x,^*”*(x))  < 
e,  for  all  x 6 M^,  and  all  integers  k.  Take  e/3.  Then  there  exists  n'  > 0 such  that 
dist{x,g'°^'{x))  < c/3  for  all  x G Int(M^).  Let  x„  x,  where  x„  6 Int{M^).  Then 

Then  there  exists  i > 0 such  that  for  all  j > t,  dist{xj,x)  < 
e/4  and  dist{'^'{xj),g^'(x))  < e/4.  By  the  tricingle  inequality,  it  follows  that 
dist{x,g^' (x))  < e.  We  talce  n*  to  be  n'.  This  completes  the  proof.  □ 

Theorem  A.4-8  Let  g be  a nearly  periodic  transformation  acting  on  the  closure  of  a 
bubble  domain,  Cl{U).  Then  there  exists  a positive  integer  n such  that  g’^  acts  as  the 
identity  on  Bd(U). 

Proof.  Let  g be  nearly  periodic  on  Cl{U).  Then  the  homeomorphism  (fgf~^)  of 
Int(M^)  onto  itself  can  be  extended  to  a homeomorphism^  of  onto  itself  which  is 
nearly  periodic,  by  Lemmcis  4.1  and  4.2.  Note  that  on  a 2-mjinifold,  a nezirly  periodic 
homeomorphism  is  periodic  [L2].  Therefore  there  exists  a positive  integer  n such  that 
^ acts  as  the  identity  on  Bd(M^). 

Also,  from  the  definition  of  bubble  domain,  Bd{U)  contains  a dense  subset  S 
which,  in  turn,  contains  a sequence  of  1-dimensional  e,-tricingulations,  where  c^  — » 0. 
Further,  since  the  map  / induces  a prime  end  structure  on  U coming  from  these 
1-dimensional  e, -triangulations  (by  Theorem  3.7),  we  see  that  the  union  of  these  1- 
dimensional  Ci-triangulations,  say  T,  is  dense  in  Bd{U),  and  each  point  of  T is  the 
principal  point  of  some  chain  of  crosscaps  of  U induced  by  M and  /. 

We  claim  that  each  point  of  T is  fixed  under  In  fact,  let  p 6 T,  and  let  p 
be  the  principal  point  of  the  prime  end  E = {Q.}.  Then  f{p)  = p<  is  the  principal 
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point  for  the  prime  end  E'  of  Int{M^),  where  E'  = {/(Q»)}-  Now,  since  p'  is  fixed 
under  g^{E')  = E'.  That  is,  {g'^{f{Qi))}  is  equivalent  to  {/(Q,)}>  these 

prime  ends  are  the  same.  Thus,  their  inverses  under  / are  the  Scime.  This  means 
that  f~^{fgf~^)’'{E')  = f~^{E'),  which  means  that  f~^ifg"f~^{E'))  = f~^{E'),  or 
that  g^f~^{E')  = f~^{E').  But  f~^{E')  = E,  so  that  we  have  g''{E)  = E.  Since  the 
prime  ends  g^{E)  and  E are  the  same,  and  they  each  have  a single  principal  point, 
they  have  the  same  principal  point,  p.  Therefore,  ^’‘(p)  = p.  Since  each  point  of  T is 
fixed  under  p”,  eind  T is  dense  in  Bd{U),  the  theorem  follows.  □ 

Theorem  A.^S  Let  Ap  be  a p-adic  group  acting  effectively  on  S^(E^),  and  let  U be  a 
bounded  domain  whose  closure  is  invariant  under  Ap.  If  U is  a bubble  domain,  then 
there  exists  a compact  0-dimensional  group  acting  on  (E^)  which  is  the  identity  on 
an  open  set,  and  thus  there  exist  compact  0-dimensional  groups  which  are  supported 
on  arbitrarily  small  open  sets. 

Proof.  Let  Ap  be  a p-adic  group  acting  on  5^,  and  let  g be  the  generator  of  Ap  in 
the  sense  of  P.  A.  Smith  [S3].  Then  5”  = id.  on  Bd{U)  by  Theorem  4.2.  We  consider 
the  compact,  0-dimensionaJ,  infinite  subgroup  G of  Ap,  which  is  generated  by  5". 
Since  G is  an  effective  action,  it  must  be  an  effective  action  on  at  least  one  of  the 
complement ciry  domains,  say  V,  of  Bd{U).  Since  p”  = id.  on  Bd{U),  we  can  extend 
the  action  of  G on  Cl{V)  to  an  action  G'  on  S^,  so  that  G'  acts  onVssG  does, 
while  G'  acts  as  the  identity  on  — V . 

Since  the  complement  of  Cl{V)  in  contains  an  open  set,  Cl{V)  can  be  conju- 
gated into  arbitrarily  small  open  subsets  of  by  homeomorphisms  of  5^  onto  itself. 
We  conclude  that  there  exists  a compact  0- dimensional  group  which  can  act  on 
in  such  a way  that  it  is  supported  on  arbitrarily  small  open  sets. 

If  we  start  with  E^  instead  of  S^,  we  can  think  of  the  action  as  an  action  on 
by  adding  the  point  at  infinity,  and  making  that  point  a fixed  point  of  each  element 
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of  i4p.  Then  the  above  argument  applies,  with  infinity  as  part  of  the  open  set  of 
support.  If  one  removes  from  any  point  which  is  in  the  open  fixed  point  set,  then 
the  result  is  an  action  on  E^,  with  the  set  of  support  being  compact.  Thus  it  Ccin  be 
conjugated  into  an  arbitrarily  small  open  subset  of  E^.  □ 

It  would  be  nice  to  extend  the  above  argument  to  an  arbitreiry  admissible  triple, 
{U,  <f>,  M^),  where  C/  is  a bounded,  connected,  1 — ULC  domzdn  in  E^  which  is  homeo- 
morphic  to  the  interior  of  some  compact  3-manifold,  M^,  and  ^ is  a C7-transformation 
onto  the  interior  of  M^.  That  is,  we  ask  whether  the  results  of  Section  4.3  hold  - 
Does  a nearly  periodic  homeomorphism  on  Cl{U)  induce  a nearly  periodic  homeo- 
morphism  on  - when  U is  only  an  admissible  domain,  but  not  a bubble 

domain. 

The  following  example  shows  that  the  above  argument  cannot  be  used  in  general 
for  admissible  triples.  Let  X be  the  compact  unit  cube  in  E^,  and  let  Z)  be  a closed 
2-cell  in  X,  with  an  arc  of  its  boundeiry  in  the  boundeiry  of  X.  Let  U be  the  open  set 
Int{X)  — D,  and  let  W be  the  small  open  (disconnected)  subset  of  U which  is  the 
interior  of  the  infinitely  spiraled  horn,  as  indicated  in  the  diagraun  below.  Under  the 
C-trcinsformation  <f>,  the  set  W maps  to  two  infinite  sequences  with  two  limit  points, 
as  indicated  in  the  diagram.  If  W were  a small  member  of  a finite  invciriant  collection 
of  open  sets,  eis  in  Lemma  4.1,  its  image  would  not  be  small.  Thus,  the  argument  of 
that  lemma  does  not  carry  over. 
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We  do  not  know  whether  the  theorem  remains  true  in  general.  Nevertheless, 
under  some  more  general  conditions,  a nearly  periodic  trcinsformation  is  preserved 
by  a C-transformation. 

Lemma  A.j^.S  Let  {U,  (f>,  M^)  he  an  admissible  triple,  and  let  g be  a nearly  periodic 
transformation  acting  on  Cl{U).  Suppose  there  exists  a complete  system  {Ui\  ofU 
such  that,  for  each  Uij,  the  number  of  components  ofUij  is  finite.  Then  the  induced 
homeomorphism,  4>g<t>~^ , is  nearly  periodic  on  Int(M^). 

Proof.  Let  {Ui\  be  a complete  invariant  system  such  that  the  mesh  heis  limit  0. 
For  each  i,  we  consider 

Then  for  j = 1 pj,  where  nj  is 

the  period  of  Ui.  So  <f>{Ui)  forms  an  invariant  open  cover  of  Int(M^).  In  genercd, 
mesh(^(Ui))  does  not  have  limit  0.  So  we  consider  the  components  of  Uij.  If  the 
number  of  components  of  each  Uij  is  finite,  then  we  split  each  Uij  into  its  compo- 
nents, .},  obtaining  from  Lii,  a new  open  cover,  Then  V,-  is 

invariant  under  the  action  of  g,  since,  for  every  j 6 ji,j2,  = Ui^  for 

some  kj\  eind  the  period  of  Vi  is  njtII(A:j).  Note  that  each  element  of  Vi  is  connected 
and  that  mesh{Vi)  0.  Now,  by  Theorem  3.2,  <f>  induces  a prime  end  structure  on 
U.  Therefore,  small  components  of  Vi  near  Bd{U)  are  contained  in  the  correspond- 
ing domains  of  small  crosscaps.  Since  a C'-transformation  is  uniformly  continuous 
on  each  crosscap,  the  images  of  such  crosscaps  are  small.  But,  on  a manifold,  the 
corresponding  domain  of  a small  crosscap  is  small.  It  follows  that  <t>{Vi)  has  small 
mesh.  Since  ^(Vi)  is  invariant  under  <f>g<f>~^,  this  homeomorphism  is  necirly  periodic 
on  Int(M^).  □ 

Lemma  A. 4 -4  Let  {U,(j>,M^)  be  an  admissible  triple  in  E^,  and  let  A be  the  set  of 
points  of  Bd{U)  which  are  accessible  through  a chain  of  crosscaps  of  U . Then 
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(1)  A is  dense  in  Bd{U) 

(2)  Each  point  of  A determines  a prime  end  ofU,  and 

(S)  The  set  of  prime  ends  of  Bd{M^)  which  correspond  to  the  prime  ends  of 
U determined  by  A,  forms  a dense  subset  of  Bd{M^). 

Theorem  A-4-4  Let  g be  a nearly  periodic  transformation  acting  on  an  admissible 
domain  Cl{U),  and  let  {U,(f),M^)  be  an  admissible  triple  satisfying  the  hypotheses  of 
Lemma  4-S.  Then  there  exists  n such  that  g'^  acts  as  the  identity  on  Bd{U). 

Proof.  Suppose  g acts  on  Cl{U).  Then  the  homeomorphism  (<f>g<f>~^)  of  Int{M^) 
onto  itself  can  be  extended  uniquely  to  a nearly  periodic  homeomorphism  <f>g<f>~^  of 

onto  itself,  by  Lemma  2.3.  Note  that  a nearly  periodic  homeomorphism  on  a 2- 
mcinifold  is  periodic.  Therefore  there  exists  n such  that  acts  eis  the  identity 

on  Bd{M^). 

By  Lemma  4.4,  the  set  of  points,  A,  of  Bd(U)  that  are  accessible  through  a chain 
of  crosscaps  of  U,  forms  a dense  subset  of  Bd[U),  and  each  such  point  defines  a 
prime  end  of  U.  By  Theorem  3.2,  the  prime  end  structure  of  Bd{U)  is  induced 
by  the  prime  end  structure  of  Int(M^).  It  follows  that  A is  pointwise  fixed  under 
5",  and  thus,  Bd{U)  is  fixed  under  5".  In  fact,  let  p be  ein  accessible  point  in  A. 
Then  5"(p)  = g''{4>~^{p'))  for  some  p'  in  Bd(M^).  But  4>g^<f>~^{p')  = p',  so  that 
g'^4>~^[jp')  = <j>~^{p')  = p.  Therefore  ^”(p)  = p.  □ 

Theorem  A. 4. 5 Let  Ap  be  a p-adic  group  acting  effectively  on  S^,  and  let  U be  a 
bounded  domain  whose  closure  is  invariant  under  Ap.  If{U,(f>,M^)  is  an  admissible 
triple  satisfying  Lemma  4-S,  then  there  exists  a compact  0-dimensional  group  acting 
on  in  such  a way  that  it  is  the  identity  on  an  open  set.  Thus  there  exist  compact 
0-dimensional  groups  which  are  supported  on  arbitrarily  small  open  sets. 

Proof.  Let  Ap  be  a p-adic  group  acting  effectively  on  5^,  and  let  g be  the 
generator  of  Ap  in  the  sense  of  P.  A.  Smith  [S3].  Then  = id  on  boundary  of  Cl{U) 
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for  some  n,  by  Theorem  4.4.  We  consider  the  compact  0-dimensional  infinite  group 
G,  which  is  generated  by  5".  Since  = id  on  Bd{U),  we  can  extend  the  action  of  G 
on  £/  to  ein  action  on  in  such  a way  that  G acts  on  — U as  the  identity. 

Therefore  we  conclude  that  there  exists  a compact  0-dimensional  group  acting 
on  5^  which  is  the  identity  on  am  open  set.  (A  conjugate  of)  this  group  action  can 
be  made  to  be  supported  on  arbitrarily  small  open  sets  by  conjugating  Cl{U)  into 
eirbitrajily  small  open  subsets  of  5^.  □ 

A. 4. 4 Framework  for  a Possible  Proof  of  the  H-S  Conjecture 

It  is  conceivable  that  prime  end  theory  could  be  used  to  prove  the  Hilbert- 
Smith  Conjecture,  if  it  is  indeed  true.  More  specifically,  suppose  there  is  a p-adic 
action,  Ap,  on  S^.  If  one  could  construct  a bubble  domain,  U,  which  remains  invariajit 
under  this  action,  then  an  action  by  a homomorphic  image  of  Ap  is  induced  on  the 
prime  end  compactification  - a compact  3-mcinifold,  M^,  with  2-meinifold  boundciry. 
The  induced  action  must  be  finite  on  Bd[M^),  making  the  origincil  action  finite  on  the 
boundeiry  of  the  bubble  domain.  Thus,  if  the  bubble  domain  could  be  constructed  so 
that  an  arbitrarily  chosen  point  p E is  a.  point  of  its  boundary,  then  p is  a periodic 
point  of  every  element  of  the  action.  Since  p was  axbitrairy,  each  homeomorphism 
of  the  action  is  pointwise  periodic.  By  Montgomery  [Mtg],  a pointwise  periodic 
homeomorphism  of  a manifold  onto  itself  must  be  periodic,  so  that  every  element 
of  Ap  is  periodic.  However,  no  element  of  a p-adic  group  can  be  periodic.  This 
contradiction  would  establish  the  Hilbert-Smith  Conjecture. 

Remark.  A complete  proof  of  the  Hilbert-Smith  Conjecture  for  along  these 
lines  was  presented  in  1984  by  Brechner  in  the  unpublished  manuscript,  [Br3]. 

A. 5 Open  Problems 

The  results  of  this  paper  lead  to  the  following  interesting  and  important  open 
questions. 
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1.  Let  G be  a p-adic  action  on  E^{S^).  Does  there  necessarily  exist  an  invariant 
bubble  domaiin?  If  so,  can  we  build  such  a domadn  with  an  eirbitrcirily  designated 
point  p € E^{S^)  as  a point  of  the  boundary?  as  an  accessible  point  of  the 
boundary? 

2.  Let  G be  a p-adic  action  on  E^{S^).  Does  there  necessarily  exist  an  invarieint 
admissible  domain? 

3.  Characterize  the  continua,  including  the  closures  of  bounded  domains,  that  can 
remain  invariant  under  p-adic  actions. 

4.  Let  be  a bounded,  simply  connected,  1 — ULC  domain  in  E^.  By  work  of 
L.  Husch  [Hu2],  C.H.  Edwards  [Ed],  and  C.  T.  C.  Wall  [Wa],  we  know  that  U 
is  homeomorphic  to  the  interior  of  the  unit  3-baJl,  B^.  Does  there  necesseirily 
exist  a G-transformation  f : U Int[B^)?  That  is,  is  every  bounded,  simply 
connected,  1 — ULC  domain  in  E^  admissible?  Also  by  work  of  L.  Husch  [Hu2], 
if  we  omit  the  simply  connected  hypothesis  and  add  some  other  conditions,  U 
is  homeomorphic  to  the  interior  of  a compact  3-manifold.  Therefore  we  have 
the  same  question  as  above:  Is  such  a domain  admissible? 

5.  In  general,  let  U he  a.  bounded,  connected,  1 — ULC  domeiin  in  E^  which  is 
homeomorphic  to  the  interior  of  a compact  3-manifold,  M^,  with  nonempty 
boundary.  Must  U be  admissible?  That  is,  does  there  exist  a G-transformation 
of  U onto  Int{M^)l 

6.  Characterize  the  admissible  domains  and/or  continua  in  E^. 

7.  Characterize  those  domains  which  admit  G-transformations. 

8.  If  1/  is  a domain  which  admits  a G-transformation,  is  U necesscirily  1 — ULCl 
That  is,  is  the  1 — ULC  hypothesis  necessary  in  the  definition  of  admissible 
domain? 
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9.  Characterize  those  domains  which  have  a prime  end  structure. 

10.  Does  the  Induced  Homeomorphism  Theorem  hold  for  arbitrary  admissible  do- 
mains? 

11.  If  ^ is  nearly  periodic  on  an  admissible  domain  U,  is  <l>g<f>~^  nearly  periodic  on 
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